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THE DYNAMICS OF STELLAR SYSTEMS. I-VIII* 
S. CHANDRASEKHAR 


ABSTRACT 


The kinematical characteristics which are postulated in this paper for describing the 
state of motions in a stellar system are the following: (i) For every small region in the 
system we can define uniquely a local standard of rest. (ii) The different local standards 
of rest are in relative motion. (iii) The motions of the individual stars with respect to the 
appropriate local frames of references are distributed according to a generalized ellip- 
soidal law. (iv) The motions of the individual stars are governed by a potential func- 
tion B. And, finally (v), the system is in a steady state. The present investigation is 
concerned with the dynamics of such stellar systems with differential motions. 

Mathematically, the dynamical problem reduces to finding the circumstances under 
which the equation of continuity regarded as a partial differential equation for the 
distribution function, V, admits of a solution of the form 


v = ¥(QO+o[x, vy, s]), (i) 


where W is an arbitrary function of the argument and Q is defined by 


Q =a(U — U,)?+ 0(V — V,.)? + c(W — Wo)? + 2f(V — Vo) (W — Wo) | (ii) 
r f 


+ 2g (W — Wo) (U — Us) + 2k (U — U.) (V — Vo) , J 


and a is related to the star density at the point considered. In equation (ii), a, }, c, f, 
g, and / are the coefficients of the velocity ellipsoid, (Uo, Vo, Wo) and (U, V, W) define 
the motions of the local centroids and the individual stars with respect to a fundamental 
frame of reference, respectively. In the mathematical analysis it is assumed that a, 8, c, 


f, g, h, Uo, Vo, Wo, and o can be arbitrary continuous functions of position. 


The dynamical problem is formulated in Part I. It is shown here that the mathe- 
matical problem reduces to the discussion of four groups of equations: (i) a set of ten 
simultaneous partial differential equations which involve the coefficients of the velocity 
ellipsoid only; (ii) a set of six equations which will determine the motion of the local 
centroid as a function of position; (iii) a linear homogeneous partial differential equa- 
tion of the Lagrangian type for the potential function ¥, and (iv) a set of three equa- 
tions which lead to three other integrability conditions. 

In Part II the complete solution for the two-dimensional problem is given. In this 


* This paper was presented at the symposium on “Galactic and Extragalactic Struc- 
ture”’ in connection with the dedication of the McDonald Observatory, May 5-8, 1939. 
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part most of the known results of stellar dynamics are derived as special cases of the 
general theory. In Part III the first two groups of sixteen equations are considered in 
Cartesian co-ordinates. It is found that the solution for a, b, c, f, g, and h involves 
twenty constants of integration; the solutions for the motion similarly involve six 
further constants of integration. In Part IV a fundamental theorem in the dynamics 
of stellar systems is proved. It is shown here that stellar systems with differential 
motions must necessarily be characterized by a helical symmetry of the potential func- 
tion ¥. 

In Part V the problem is discussed in spherical polar co-ordinates, and the complete 
enumeration of the different types of stellar systems which are characterized by a 
spherically symmetrical potential function B is made. In Part VI the problem is 
considered in spheroidal co-ordinates, and certain special types of stellar systems are 
treated. 

In Part VII we discuss the problem in cylindrical co-ordinates. Special classes of 
stellar systems with axial symmetries are considered in this part. The motions inside 
a uniform spheroidal distribution of mass is treated; this discussion discloses the 
existence of two critical spheroids in which the motions of the local centroids have com- 
ponents perpendicular to the galactic plane. One of these two critical spheroids is an 
oblate spheroid with a ratio of the axes of about 3.41: 1; it is suggested that the existence 
of this critical value for the ratio of the axes is probably connected with the known upper 
limit to the eccentricities of elliptical nebulae. Finally, in Part VIII the general theory 
of ellipsoidal systems is described. 


INTRODUCTION 

1. As is well known, our knowledge of the state of stellar motions 
in the galaxy is summarized in the phenomenon of star streaming, 
on the one hand, and in the Oort-Lindblad theory of differential 
galactic rotation, on the other. These two distinct aspects of the 
kinematics of the stellar motions which are the content of the theory 
of star streaming and the theory of galactic rotation, respectively, 
are really consequences of the two possible standards of rest with 
respect to which we can describe the motions in a dynamical system 
like our galaxy. More explicitly, the two standards of rest that are 
contemplated are the following: 

Consider a dynamical system of a large number of particles." 
Then there is a unique standard of rest defined by the motions of all 
the particles in the assembly. This is the standard of rest contem- 
plated, for instance, when we solve for the solar motion with respect 
to the system of the globular clusters.?, We shall refer to the standard 
of rest, defined by all the motions in the system, as the “fundamental 
standard of rest,” and to the corresponding frame of reference as the 
“fundamental frame of reference.” 

On the other hand, if we restrict ourselves to a small region of 


™ Stars in the present connection. 
2 See the remarks in the author’s paper in M.N., 98, 710, 1938—esp. p. 712 n. 
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space in the neighborhood of a given point, then the particles in this 
region of space will enable us to define a corresponding standard of 
rest. The standard of rest contemplated when we solve for the solar 
motion with respect to the ‘‘near-by stars”’ is of this nature. In order, 
however, to avoid the ambiguity in the notion of the “near-by stars,” 
we shall assume that, as we make the volume of the region of space 
considered tend to zero, we shall obtain (in the limit) a unique stand- 
ard of rest. We shall refer to the standard of rest defined in this man- 
ner as the “local standard of rest” at the point considered. It is clear 
that the local standard of rest and the corresponding “local frame 
of reference’”’ will be functions of position. In particular, the differ- 
ent local standards of rest at different points will, in general, be in 
relative motion. 

To fix our ideas, let us imagine the fundamental frame of reference 
to be specified by a Cartesian system of co-ordinates x, y, and z. Let 
U,V, and W denote the components of the velocity of a star with 
respect to the fundamental frame of reference. Consider the motions 
in a small region of space Y surrounding the point (x, vy, z). The stars 
in the volume element ¥ will define a certain standard of rest. We 
assume that, as we make & tend to zero, we shall obtain a standard 
of rest which is independent of the manner’ in which we may let = 
tend to zero. The standard of rest thus uniquely defined at the point 
(x, y, 3) is the local standard of rest at (x, y, 3). Let U., V., and W, 
denote the components of the velocity of the local standard at 
(x, y, 3) with respect to the fundamental standard of rest. We shall 
refer to U,, V., and W, as the components of the “motion of the local 
centroid” at (x, y, 3). It is clear from the manner in which we have 
derived them that U,, V., and W, will, in general, be functions of 
position. As has been shown by Ogrodnikoff and Milne,‘ it is the 
dependence and the variation of U,, V,, and W, with position that 
give rise to the phenomenon of differential motions in the system. 

If U, V, and W are the components of the velocity of an individual 
star at (x, y, 3) and (U., Vo, W.) defines the motion of the local cen- 


3 L.e., the sequence of shapes. 


4 For references see W. M. Smart, Stellar Dynamics, pp. 405-410, Cambridge, Eng. 
1938. 
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troid at (x, y, s), then the components u, v, and w of the residual mo- 
tion of the star are given by 


u=U-U,; v= V—J),; w= W—-W.. (1) 


Now, returning to the kinematics of stellar motions, we see that in 
our present terminology, the phenomenon of star streaming is one 
which we encounter when we analyze the residual motions. In the 
same way, the theory of differential galactic rotation arises when we 
analyze the motions of local centroids. More explicitly, the charac- 
teristic features of the two descriptions can be summarized as 
follows: 

The analysis of the radial velocities and of the proper motions of 
the near-by stars has shown that the residual motions (u, v, w) are 
characterized by (a) randomness, i.e., in any given direction the 
number of positive velocities (in any given range) equals the number 
of negative velocities (in an equal range), and (0) a direction of prefer- 
ential motion, i.e., the mean speed in this direction is the maximum. 
(It is this direction of maximum mean residual motion that defines 
the vertex of star streaming.) Quantitatively, these ideas are in- 
cluded in Schwarzschild’s hypothesis of the ellipsoidal law of the 
distribution of velocities, according to which the number of stars 
dX with residual motions in the velocity range (wu, u + du; 2, 
v + dv; w, w + dw) and in the element of volume dxdydz is given by 


dN = p(x, y, s)e~Sdudvdwdxdydz , (2) 
where p is related to the star density at the point considered and 
QO = aw? + bv? + cw? + 2fow + 2gwu + 2hur. (3) 


In equation (3) a, 0, c, f, g, and / are the coefficients of the velocity 
ellipsoid and will be functions of position. The directions of the prin- 
cipal axes of the velocity ellipsoid can be obtained by the rotation 
which would be necessary to bring the quadratic form (3) to its 
normal form. 

As is well known, a prolate spheroidal distribution of velocities 
is entirely sufficient to adequately represent the observational ma- 
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terial. Further, if we restrict ourselves to stars near the galactic 
plane (which we shall assume to coincide with the X Y-plane of the 
fundamental frame of reference’) then the principal axes of the 
velocity spheroid are in the radial (II), the transverse (0), and the 
perpendicular (Z) directions, the longest axis being in the radial di- 
rection. As we shall see (cf. § 9), this implies that Q has the sim- 
plified form 


QO = (Ky? + k1)U? + (Kx? + Kx) 0? — 2Kxy uD + Kw’, (4) 


In the discussions relating to the phenomenon of star streaming, 
(u,v, w) refers, of course, to the residual motion (U — U., V — Vz, 
W — W,). To complete our kinematics we need to describe the char- 
acter of the differential motions. According to the Oort-Lindblad 
theory, the motions of the local centroids (at any rate, near the galac- 
tic plane) are predominantly of a rotational kind, i.e., we can write 


U, = —9 sind, |} 
Vo=O.cosd, | (5) 
W,=0, 


where 9, is, in the first instance, an arbitrary function of the distance 
from the galactic center.° 

From this summary of the observed kinematics of the stellar mo- 
tions in the galaxy, it is clear that the state of motions encountered 
in the neighborhood of the sun is a very special case of a more general 
character in which the components of the motions of the local cen- 
troid, U,, V., and W,, are allowed to be arbitrary continuous func- 
tions of position. Further, it is unnecessary to restrict needlessly the 
distribution function to the form (2). Instead we shall assume for it 


the more general form 
dN = W(Q + o)dxdydzdudvdw , (6) 


5 The origin of the system of co-ordinates is further assumed to be at the galactic 
center. 

6 There are some restrictions on the nature of the function 0 from the dynamics of 
the situation (cf. § 9). 
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where WV is allowed to be an arbitrary function of the argument 
Q + ¢ and o isan arbitrary function of the space co-ordinates; fora 
Gaussian form for the distribution function, o will be related to p 
according to (cf. Eq. [2]) 

p=e" (6’) 


We shall assume further that the six coefficients of the velocity el- 
lipsoid (a, b, c, f, g, #) are continuous functions of position. We shall 
refer to systems having the features described here as “‘systems with 
differential motions.” It is the object of this present investigation to 
study in detail the dynamics of stellar systems with differential mo- 
tions. 

The plan of this paper is as follows: 

In Part I the precise mathematical formulation of the dynamical 
problem is given, and a fundamental set of twenty simultaneous par- 
tial differential equations is derived. It is the discussion of this sys- 
tem of differential equations which leads to the theory of stellar sys- 
tems with differential motions. 

In Part II the complete solution for the two-dimensional problem 
is given. Many known results are here obtained under more general 
circumstances and as special cases. 

In Part III the general solutions for the coefficients of the velocity 
ellipsoid and the motions of the local centroids are obtained in Car- 
tesian co-ordinates. The general solutions are shown to involve 
twenty and six arbitrary constants of integration, respectively. 

In Part IV a fundamental theorem in the dynamics of stellar 
systems with differential motions is proved. It is shown in this part 
that such stellar systems must necessarily be characterized by an 
axis of helical symmetry. 

In Part V the fundamental differential equations are discussed in 
spherical polar co-ordinates, and the complete enumeration of stellar 
systems with spherical symmetry for the potential is made. The 
theory presented here should prove adequate as a basis for the 
dynamics of globular clusters. 

In Part VI the discussion is carried out in spheroidal co-ordinates. 
This part is, perhaps, the most “‘difficult”’ in the present investiga- 
tion. 
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In Part VII the solutions of the fundamental equations in cylin- 
drical co-ordinates are obtained. Stellar systems with certain types 
of axial symmetries are considered. 

In Part VIII the general theory of stellar systems for which the 
equipotential surfaces are concentric ellipsoids (or spheroids) is con- 
sidered. 

In Parts [IX and X (now under preparation) the theory of stellar 
systems with helical symmetry and the theory of nonsteady states 
are considered. In Part XI (also under preparation) the physical 
interpretation of the results of the present investigation will be con- 
sidered at some length. 


I. THE GENERAL THEORY 

2. The general formulation of the dynamical problem.—In the in- 
troductory section we developed the general notion of differential 
motions by choosing for the fundamental frame of reference a Car- 
tesian system of co-ordinates. However, in several of the problems 
that we shall encounter it will be more convenient to choose other 
systems of co-ordinates, e.g., spherical polar, spheroidal, cylindrical, 
etc. We shall therefore formulate the dynamical problem in a gen- 
eral orthogonal curvilinear system of co-ordinates (A, u, v).’ 

Now a general orthogonal system of co-ordinates defines a triple 
infinity of one-parametric families of surfaces such that through any 
given point there pass three surfaces belonging, one each, to the three 
families. By definition the three curves of intersection (of the three 
surfaces passing through any given point) are mutually orthogonal 
and define the principal directions at the point considered. Further, 
the values of the parameters characterizing the three surfaces pass- 
ing through a given point are the curvilinear co-ordinates \, w, and v 
of the point. If we consider the six surfaces (A, uw, v) and (A + dd, 
u + du, v + dv), they will bound an infinitesimal parallelepiped the 
lengths of whose edges can be written as 


Pdy ; QOdu ; Rdv , (7) 


7 It should be emphasized that the choice of the system of co-ordinates is merely a 
matter of convenience. The physical problem cannot be altered by the choice of a sys- 
tem of co-ordinates. 
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where P, Q, and R will, in general, be functions of A, uw, and v. If 
x, y, and z are known as functions of X, yw, and v, the expressions for 
determining P, Q, and R are given by 
> \ 
| 
| 
| 


Q 
~ 


| 


- (F + (2) +( 


Q> 
> 


= ox i dy ° 02 ’ 2»\8 
es al Hz) ate, 8) 
bhies Ox 2 dy 2 Os 2 
dea ($*) +(?) +($) ; 


Let the components of the velocity of a star at (A, u, v) along the 
principal directions at (A, u, v) be denoted by A, M, and N. By (7) 
we have 

A = PX : M = Qz ; N=R>p. (9) 


We now characterize a stellar system with differential motions as 
follows: 

I. At any given point (X, wu, v) we can define uniquely a local stand- 
ard of rest which is a continuous function of position and time. 

Let A,, Mo, and N, denote the components of the motion of the 
local centroid at (A, uw, v) along the principal directions at (A, u, v). 
According to our assumption, A,, M,, and N, are continuous func- 
tions of A, uw, and v and of the time ¢. 

The components of the residual motion of a star at (A, wu, v) along 
the principal directions are clearly 


A— A; M — ™M ; N—N,. (10) 


Let us denote the distribution function by W(A, u,v; A, M, N; ¢) 
so that the number of stars dJt at (A, wu, v) with space co-ordinates 
in the range (A, X + dd; uw, w + du; v, v + dv) and the velocity co- 


8 For an orthogonal system of co-ordinates the ‘‘cross-coefficients” 


“Ox OX N Ox Ox > OX OX 
V2 Or Op’ dd On Ov’ foe OV Op 
4%, 9,2 x,y, 2 x, ¥,% 


should all be zero. 
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ordinates in the range (A, A + dA; M, M+dM; N, N + dN) at 
time ¢ is given by 


dy = W(A, u,v; A, M, N; t)PQRdddudv dAdMdN . (11) 


Our second assumption is: 
Il. The distribution function V(r, u,v; A, M, N; t) ts of the gen- 
eralized Schwarzschild type, 1.e., 


W(A, u,v; A, M,N; 4) = ¥(Q+¢9), (12) 
where Q stands for 


Q = a(A — A,)? + 6(M — M,)? + c(N — N,)? ) 
+ 2f(M — Mo)(N — No) + 2g(N — No)(A — Ao) (13) 
+ 2h(A — Ao)(M — Mb) ; | 


further, the coefficients of the velocity ellipsoid, a, b, c, f, g, and h and 
the function o are all continuous functions of position d, wu, and v and 
of the time, t. 

Our third assumption is: 

III. The motions of the individual stars are governed by a potential 
function Br, w, v;t) per unit mass. 

This third assumption implies that the distribution function V 
satishies the equation of continuity 

ow ow Ow Ow - OW - OW - OW 


ate atta t ta tAat Moat Na =o G4 


or by (9) 


ov  AOW , M OW N OW - OW - OW - OW 
at+Ratoa Re mn tae On 
where the “accelerations” A, M, and N are to be expressed in terms 
of A, M, N, \, w, and » by using the equations of motion (see § 3, 
below). 

The dynamical problem is: Under what circumstances will the equa- 
tion of continuity (15), regarded as a partial differential equation for WV, 
admit of a solution of the form (12)? 
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In the present paper we shall restrict ourselves to a consideration 
of stellar systems with differential motions which are in a steady 
state; i.e., we shall make the additional assumption: 

IV. The motion of the local centroid, (Ao, Mo, No), the distribution 
function, WV, the “density function,” o, and the coefficients of the velocity 
ellipsoid, (a, b, c, f, g, h), are all functions of the position, (X, u,v), only 
and are independent of the time, t. 

For systems in a steady state the partial differential equation 
for V reduces to 


A ov, Mav, Nav, ; aw aw , - aw 
a eS SS aw cg 4 ge we. 
Pant om <7 oa ge Oe 


We now proceed to write down explicitly the conditions that (16) 
may admit of a solution of the form 


=W(Qto), (17) 


where Q stands for the quadratic form (13), with Ay, Mo, No, a, 0, ¢, 
f, g, and h now being independent of the time, ¢. 

3. The equations of the problem.—The first thing we shall have to 
do is to express the accelerations A, M, and N in terms of the space 
(A, w, v) and velocity (A, M, N) co-ordinates by using the equations 
of motion in the Lagrangian form. If T and % are the kinetic and 
potential energies (per unit mass) of the star, then the Lagrangian 
equations are 


4(S)-S--F (18) 
Hat a lw ; 


and two similar equations. Now, according to (9), 
T= 3(P + Ow? + Rv), (19) 
so that the momenta co-ordinates conjugate to (A, mu, v) are 


pb = PX; hb, = On; py = Rv. (20) 


THE DYNAMICS OF STELLAR SYSTEMS. I-VIII II 


Equation (18) now reduces to 

















d up: _ pe 2 OR) _ _ 9B 
a (x $ 7 Fa ae 
But 
43 ) D2 4) 22 2 
5 (Px) = PREX(X SS +a +9 ) (22) 
Combining (21) and (22), we have 
~  —e - tO a OE , OP? _ oB 
si we tie a tha Oe ea a 
On the other hand, 
PA = ps (Px) = P*X + 4X -, (24) 
or 
e ” D2 ) P2 4) 2 
PA = P-) + 3X (x 40S - = +9). (25) 
Substituting for P?) from (23), we obtain 
i = age OS cap tO ys O_o _ 
PA = hi? BO + 4% BOO aK a a ae (36) 
or by (9) 
PA =i MOP iM — he i Se Se 
“2 Q? AN 2 R? On 2 PO ou 2 PR dv On - " 


Similarly, 





N? dR? 1 ee ee (28) 


M — 
v R? Op 2 P? Ou 2 QR dv 2 OP On Ou 


ll 
nile 
| 


mem A SSIES SS SSS, ae 
S *2P & '2Q & 2RP OX 2RO dn ov’ “9 











12 S. CHANDRASEKHAR 


Substituting (27), (28), and (29) in the equation of continuity (16), 


we obtain 

















1 A ~ +2 1] M? dQ? me N’ dR? _ AM oP? __ AN dP? ; dB ow ) 

- 2|Q0? dN R? dX PO Op PR av ~ ON JOA | | 

I av N? OR? | A? OP? MN 00? MA 00 dB | aw | | 

= i i = ao ces, SE en 9, 5 : 
T 6) Ou "] ‘Le Ou FP? Ou ~ OR Ov OP Or ' Ou {OM | | (30) 
tify i A? OP? | M?0Q? NA OR? NM OR? __, AB] av | | 

R\ av P? dv ' 0 dv RP ar RO du ~~ dv |aN! =e 


This is the partial differential equation for V that we shall have to 


consider. 
For a stellar system with differential motions, ¥ must have the 


form (cf. Eq. [17]) 


y=W(Q+<0), (31) 


where 


QO = a(A — A,)? + b(M — M,)? + c(N — N,)? 
+ 2f(M — Mo)(N — N.) + 2g(N — Nu)(A — Ao) > (32) 


+ 2h(A — A.)(M — M,) . | 


We have 


OV dv 9Q | Ow dy dQ | EE oe 
= = ( 


OA ~ dQ+a) +o) 0A’ aM d( (O+«)0M’ ON d( 


Similarly, 


ov " dv (5 4 dQ 
av d(Q+a) \aa *) | 
avy dy aQ\ | 
dw d(Q+o) (5 * oa, (34) 


. 6 (2 9Q | 
dv d(Q+a) Ov r) | 


ke 


Now, 


o . 


on 
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From (32) we derive that 
7 
fe = 2a(A — A.) + 2g(N — No) + 2h(M — M,) , 
dQ : ’ | 
2b(M — M.) + 2f(N — No) + 2k(A— Ac), ?- (35) 
. | 
a = 2c(N — No) + 2f(M — Mo) + 2g(A — Ac). | 
We shall introduce the quantities A,, A,, and A,, defined by 
ad, + AM, + gN. = Ai, | 
hA, + Mo +fNo=4:, } (36) 
gho + f{Mo+cN.=A;. | 
In matrix notation we can re-write (36) as 
a he g\ A A, 
( h b f M, | ={ A, }. (37) 
@ fy « No A; 
We can now write the equations (35) in the form 
0 ) 
Q = 2aA+4M+gN—-—A,), | 
OA | 
aQ | 
is 2(hA + 6M + fN — A,), | (38) 
IQ | 
= 2(¢/ N NN — ; 
da db. . dc a eer ah| | 
A? — -+- M? — + N? — MN —~ NA — AM — 
ara a ar Ae S| |e 
9 
OA, OA, OA dQ. | 
— 2A — 2h — 2N — 
aa” OE Oe 
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j 
where 


Qo = aAg + OMS + CNG + 2fM,N, + 2gN,A, + 2hA,M,. (40) 


The expressions for 0Q/du and 0Q/dr are quite similar to (39). 
We can now substitute (38) in (33), and (39) and its two ana- 
logues in (34). Finally, substituting these resulting expressions for 





















































OWV/OX, etc., in (30), we obtain (after dividing throughout by 
dv/d(Q + a) 
Af do as of | 
ee y aid N 2 2 2N | 
ee oO + N = + nS | 
- oh dA, dA, dA; , 9Q, 
va no ee eS a | 
M a j | 
a oes a + MS SNS Soe aMn 2 | 
a3 Op | 
J _ oh OA, “ * OA; dQ. | 
NA <& ay 2) ~ a 4 | 
sci i ~— 2 am I 2N —" a | 
= { 
N[ do da af | 
al esl A2 M2 7 std an Be | 
+a tay +M o +N 3 2MN = a 

_. Og ah dA, dA, OA; ; | 
NA 2 ey ee ete | 
ee Ae ek a | 
M 20 N? OR? AM OP? AN OP? — 9B | 
tlie 9 <a 4g oe he M+ ¢N —A\]]| 

Tp Ae 3 R? Oo. PO op PRoa  ” an jas 7 Or ae I 
N? OR? A? 0P? MN OQ?) MA OQ? = aB ee | 
Ly pad i i A ps hA + bM + fN — A,]| 
+R 3 2 P? ou OR dv OP Ar go tee : 

\? @P? | M? 0? NAOR? NM OR? AB | & 

ail —- = 9 ek + i + ee A 

TR zp Ov Q? ov ~ RP On ~ RO Ou av | ial iuali lice 
ein | 


Equation (41) (which contains ninety-three terms) is seen to be a 
polynomial of the third degree in A, M, and N. Hence, the coefh- 
cients of the different power combinations of A, M, and N must 
vanish separately. Thus, equating the coefficients of A’, M3, N, A’M, 
M?N, N2A, N?M, AMN, A?, M?, N?, AM, MN, NA, the con- 
stant terms, A, M, and N, we obtain, respectively, 


A’N, MA, 
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£8 a OI LS ee 
OP? Ou + Rp Ov - 





RQ? dv ' PQ? dy ' PR? OX 





ge eS oe ae 7° (i | 
a0 se ae a Gi) | 
inte oe the? i) | 
re Roe ~~ pm > top oe He 9 | 
6 5: pa Og = RO ee 7? wf 
satan? ome ee 
eae ie a ne a = ~ RP - ts | 
gl +§e-0- Oe Ete Te Ene 
| 
| 
| 
| 




















) 
| 
Uy 
g OR (x af rag, xan _ 9 | 
OR? du ~\POX' QO’ Rav) ~’ 
204, , A, OP? , A, OP? _ sel 
P Aan + OP: a ae (i) | 
29M, , Ay OQ), Ar 80 _ ii) | 
0 au + RO? dv | PQ on °? a 
20A,, A, OR? A, OR? stad 
2 oe ed —=0, (iii) | 
R ov PR? OX QR? Op (11) 





PO’ 'O du OP? du PQ? Or 
2 OA, 2 OA, A, 00? A, dR? (v) 


200,, 204 4 0P? A, _ | ¢| 





QO Op R ov RQ? dv OR? Ou 


2d, 2 dy A, AR? Ay OP? _ 
R ov P dy~—~6 PR? OX RP? ov 
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A, OB, A; dB as IB wae 
P ON 'O Op ave” 


and 


ee ee) 


I 0 AY hoBW, goB\ | . 
ee aro ae tw 
f 
R 


I 0 h oS b ay AY io . 
O " (o aa Qa.) a (5 Or O ca “bh =) = ©, (ii) (IV) 
r@ ( 42 dB f JY G AB - re 

R = (9 + Qo) ‘ -2(§ Or TO Ou TR oo — 


We see that the twenty partial differential equations which result 
break up into four distinct sets of equations. The first group of ten 
equations involve only the coefficients of the ellipsoid; and, as we 
shall see, these differential equations are sufficient to determine them 
uniquely apart from integration constants. The second group of six 
equations involve only the A’s and can thus be treated independently 
of the others. It may be recalled that, according to our definition 
(Eq. [37]), we have 


a h g Ao Ay 
[: k ¥ w | = a 1: (42) 
; J C \ Ba. A, 


The solution of the second set of equations (II) will determine the 
motions (A,, Mo, N.) of the local centroids. 

The third equation (IIT) is seen to be a linear homogeneous partial 
differential equation of the Lagrangian type for 8. From this equa- 
tion we infer that 

Ba, u,v) = BUI, I.) , (43) 


where J, and J, are any two independent integrals of the correspond- 
ing subsidiary equations 


Pdd _ Qdu _ Rdv (IIIa) 


i x-_ 





The last group of three equations (IV) is of a nature different 
from the rest; and for reasons which will become apparent later, we 
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shall refer to these three equations as the “compatibility condi- 
tions.”’ The equations (IV) can be simplified by introducing a func- 
tions x defined by 


—-x=co+Q. (44) 


The compatibility conditions can now be written as a single ma- 
trix equation in the form 


1 0 I Ox 
7" 4 P an P on 
r a I Ox : 
2 h b f O > + O Ou = 0. (1Va) 
f ¢ 1 OY 1 0x 
8 . R Op R ov 


If we multiply the foregoing equation on the left by the vector 
(Ao, Mo, N.), now regarding it as a matrix of just one row, we ob- 
tain (on using [42]) 








2(A, A, A;) I I (Ao M, No) i Ox 
P On P or 
r 0B I Ox 
O au * ino (45) 
se s& 
R ov R ov 


From (III) and (45) we now obtain a homogeneous linear partial 
differential equation of the Lagrangian type for x: 


Ao Ox , Mo Ox , No OX _ ‘ 
Pu’Gaw ke ° de, 


From (IVb) we infer that 
x =x, J) ’ (46) 


where J, and J, are any two independent integrals of the subsidiary 
equations 
Pdy _ Qdup _ Rav 


2 (IVc) 
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(II), U 


Our fundamental differential equations (I), 


Il), and (IV) 


take more symmetrical forms if we introduce the quantities A, B, 


detined as follows: 


C, F, G, H, €, 7, and ¢, 


a= PA ; b = QB ; c= RC, 
f=QRF; g=RPG; h=PQH, 

and 
A, = §P ; =n0; 4,;=fR. 


Among the variables A, B, C, F, G, and H and &, n, and ¢, 


the relation (cf. Eq. [37]) 


/A H G\/PA é 
( H BF \| om j=([ 9 ). 
G F C/\RN. r) 


| 


\ 


if 


(48) 


we have 


(48’) 


In terms of these new variables the differential equations are 























D. d d ) . 

Bt 2 (4 UP 4 EE y GPE) 

On Ov 

‘ ) log O ) 

OB, 2 (u og O 4 pi =e © + PIBE) Xo, 

Ou Ov 

a (62, pte pape 

Ov Or 0 

= OA rm ae aod (u 0 eee P 4B! d log an 9 <8 —" 

VW? dp Ou 

P? 0A 0G 0 log P . 0 log c~ Oo 28 P 

Pan IG, , (2 i Ou 

Q? 0B oH ( 0 ae QO 7) 0 log Q OQ, .9 log sig). 

P? an + Ou | oe Ou Ov 

Q? 0B, | OF («: 0 ohe.0 QO 0 log O . 9 log Q 
ge ee SE a ee ae 
R? dC 0G 0 8 R 0 “8 & R d log R 
Pa tt el or hae 
R? dC OF 0 log R 0 les R 0 log R 
QO Ou Ov 2 (1 208 ee Ou s i Ov =) 
I a 1 OG t OH 

Pion O On Roy °? 


)= 


= 6; 


(vi) | 


o, (vii) | 


oO, 


(viii) | 
| 
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dé 0 log P dlogP , _dlogP _ ae 
ag ee Pe ee ee (i) | 
| 
; 5 ) ; ) ‘ ) ail 
on, , oat Pa ae log ¢ ce: OD 
Ou Or Ou Ov | 
ae 0 dlog R ey 
S pee). ge ee ee, 
Ov Or Ou Ov 
ye ( (II,) 
mo CS y oF sy | 
I aut & a Os, (iv) | 
ene | 
on OS 
rs Dee it , 
Cat a + W) | 
| 
2 a¢ D2 dé a a | 
en tee a 
ays Oy ays 
pes See he. eee. a III, 
é Or +s Ou +s Ov 4 ( ) 
and 
Ox pa Oy ays Oy i rae 
Or +s (4 Or nN Ou eS ov) | i (i) | 
| 
Ox ay ay OY Se , 
—— 2 )2 Sa —_— 4, —— = i : V~, 
Ou ae (u On 7m Ou = Ov . (i) (IV;) 
ax ({, 88 , - 98 , ,08\ _ cat 
ov + 2k (« Or + Ou La = =o. (ili) | 
From (III,) we now infer that 
Br, MK, v) = BT, [,) ’ (49) 


where J, and /, are the two first integrals of the subsidiary equations 


= _ du _ dv (III,a) 
s U] $ 


4. The equations for the two-dimensional problem.—lIt is often pos- 
sible to obtain an insight into the essential features of a situation by 
considering the two-dimensional problem. In this manner we can, in 
the first instance, avoid the additional complexities involved in deal- 
ing with the general three-dimensional problem. We shall therefore 
write down our fundamental equations for the two-dimensional case. 
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Let \ and yu define two orthogonal families of curves in a plane. 
Then X\ and uy will suffice as a basis for an orthogonal system of co- 
ordinates. Let Pdd and Qdyu be the lengths of the elementary arcs 
along the principal directions at (A, »). Then the components of the 
velocity A and M along the principal directions at (A, uw) are 


= PX ; M = Qu. (50) 
Our assumption now regarding the distribution function W is 
WA, uw) = ¥(Q+ aA, u]) , (51) 
where 
OQ = a(A — A,)? + 5(M — M,)? + 2hk(A — Av)(M ~ Mo). (52) 


In (52), A, and M, are the components of the motion of the local cen- 
troid at (A, uw) along the principal directions at (A, yu). 

As before, let us introduce the quantities A,, A., Qo, and x de- 
fined by 


A, = ay +- hM, ; A, = hy + bM. , (53) 
Q. = aA2 + 2hA.M, + 6Mi, (54) 

and 
—-x=0+Q. (55) 


Our fundamental equation can now be obtained from (I), (II), (IID), 
and (IV) by setting c = f = g =o and further ignoring all the 
terms involving differentiations with respect to v. We have 








I a A OP? fy) 

1 0b h OQ? _ wh | 

Q dn ' PQ? dy me a (I, 

Eu a “| 

Pant O du — (a — dD) OP? Ou PO an ~ o, (iii) | 
le Se | oT 


2 
Od ' PON PQ? dy) QP? dp 
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2 0A, A, OP? 


























P ar + Op: x (i) | 
2 0A, dQ? _ 7 
O tn tig oe (i) (IL) 
204, , 204, <A, OP? A, 00? _ | 
PON +O du OP du PO an ~°? “| 
A, OB, A, OW _ 
Pa'Oa °° (III,) 
and 
I x : ay - fl 
' (IV,) 
a " 4 (5 Fe b dW =0o (ii) | 
Q Ou Pa ea TU 


To solve the dynamical problem formulated in § 2 we have to 
discuss the re og of solving the fundamental partial differential 
equations (I), (II), (III), and (IV), which are twenty in number 
for the a problem and ten in number for the two-dimensional 
problem. We proceed now to this discussion. 


Il. THE TWO-DIMENSIONAL PROBLEM 
5. The equations in Cartesian co-ordinates.—For the fundamental 
frame of reference we shall choose a rectangular system of co-ordi- 
nates («, y). For such a system P = 1 and Q = 1, and the equa- 
(II,), (III,), and (IV.) now become 


tions (I,) 





Oa six. On , Od _ aoe 
a =e (i); 2 +R HO, (iii) | 
‘i dh | ab (I) 
OD oe c c ~ 
ay =o, (ii); 2 oy * Oz =O i dy 
OA, ma OA, _ i dA, , OA, er 
a, =O, (i); ay =o0O0, (ii) ; dy + ax eat? ie (iii), (II;) 
oy rab) 
eh (III,) 


‘Ox dy 
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i) 
bo 


and 


J ‘ 
( : a ) grad B = —} grad x. (IV,) 
6. The solution for the coefficients of the velocity ellipse.—We now 
consider the four equations (I,). From (i) and (ii) we infer that a 
and b are independent of x and y, respectively. On the other hand, 
from (i) and (iii) and similarly from (ii) and (iv) we obtain 
Oh ; rh 


—=0 


: ; te MG 5¢ 
Ox? oy? (56) 


in other words, / is linear both in x and y. Consequently, it should 
be of the form 


h=h, + hx + hyy + hyxy, (57) 
where /,,...., 4, are constants. From (iii) we now obtain 


Od 
me iy ae 2hyy , (58) 
Oy ‘ 3 


or, integrating, 


a= —2hy—hy’— a, (59) 
where a, is a constant of integration. Similarly from (iv) we derive 
b = —2h,x — hx? — b, (60) 


where 6, is another constant. 

7. The solution for the motions of the local centroids._We now con- 
sider the three equations (II,). From (i) and (ii) we see that A, and 
A, are independent of x and y, respectively. On the other hand, by 
partially differentiating (3), first with respect to x and then with 
respect to y, we obtain 


0°, , oar 
Ox? dy? 


=0; (61) 








—— 





so 
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i.e., A, and A, are linear in x and y, respectively. The solution is now 
seen to be 


A,=6By+é,; A, = —Brt+ én, (62) 


where 8, 6,, and 6, are arbitrary constants. 
8. The solution of the partial differential equation (IIT,;) for 8.— 
From (III,) we infer that 


Bix, y) = BU), (63) 


where J denotes the first integral of the subsidiary equation 





w= %, (64) 
or, according to our solution (62) for the A’s, 
ee a re a (5) 
We can re-write (65) in the form 
(Bx — 6,)dx + (By + 6,)dy = 0. (66) 
Equation (66) integrates out immediately. We have 
B(x? + vy?) + 26.y — 26. = constant. . (67) 


Case (i): 8  o.—In this case we can write, instead of (67), 


(: — 4) Be (» + ay = constant . (68) 
Hence, by (63) 

Rae! - 2) (s a 6 

~ = (: B + \ + B f ( 9) 


In other words, & has a circular symmetry about the point (62/8, 


—6,/B). 
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Case (11): B = o.—We now have 


6,:y — 6.¥ = constant . (70) 


Hence, 
B= By — 6.x). (71) 


In other words, % is constant along lines parallel to 


x 


(72) 


6; 62 , 
Case (iii): B = 6, = 6, = o.—In this case A, = 0 and A, = 0, 
and there is no restriction on %. On the other hand, since A, = 


A, = 0, we should have (cf. Eq. [53]) 


aU, +hV.=0, ) 
hU, + bv, = 


| 
fe) 


From (73) we now conclude that either U, = V, = oorab — l’? = 0. 
In the latter case 
U._ ek b 


(74) 


Vo o a os h ; 
We postpone to $11 the consideration of the physical conse- 
quences arising from the condition ab — hk? = o and also equa- 
tion (74). Meanwhile, we can summarize the conclusions reached 
from the discussion of equation (III;) as follows: 

For a stellar system in two dimensions with differential motions either 
(1) the equi potential lines are a set of concentric circles (or a set of paral- 
lel lines in the limiting case) or (2) the motions of the local centroids are 
everywhere zero or (3) ab — h? = o. 

9. The discussion of the compatibility conditions (the case of circu- 
lar symmetry).—In § 8 we showed that in the general case (i.e., 
when 8 ¥ o) the potential function 8 must have a circular symmetry 
about the point (6,/8, —6,/8). By a parallel translation of the fun- 
damental frame of reference we can arrange to have the origin of 
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the system of co-ordinates coincide with the center of symmetry 
of %. We shall assume that this has been done, so that now 


B=Wety). (75) 
Now the compatibility conditions (IV,) can be written as 


AB AB I Ox 














“ax iid oy ~ 2 Ox? (76) 
dB dB I 0x 
‘ Ox vn dy 2 ay’ (77) 


In order that the two equations may be compatible (or integrable), 
we should have 























0 dB ay 7) Oy dB 
$(« a =) ” a a" =)! (78) 
or, after some reductions, 
© " spk " ba 1 293 
i Ra (e+ a — 8) oe 
Oy odOx/] dx dy dx] dy Oxdy 
F PB grey (79) 
+ i (FS - 2) = 0. 


Let us introduce a new variable, 7, defined by 
tT = 3(x?7 + y’). (80) 
Then, since 8 = B(r), we have 
ABW dWdr dB | 


ax dr dx dr’ | 


0B dB ar_ dB 
dy dr dy yar’ J 





(81) 
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Further, from (81) we easily find that 




















PV _ ee PY | 
dxdy yar? | 
PB dB ,U8 | (3 
Ox? dr ¥2 dr’ ia 
| 
7B dB 7B | 
Oy? dr * er 


Substituting (81) and (82) in (79), we obtain, after some minor trans- 


(20 _ ah), (ah _ ab 
PB /dB_— \dy_— dx *\9 y Ox 


dr-/ dr (b—a)xy + A(x? — y?) 


formations, 


(83) 








If we substitute in (83) for a, 6, and /, according to equations (59), 
(60), and (57), we obtain 





CYB (dB ' 
a5 _ (84) 
where 
h.yvy — hx 
a (85) 





S == 3 h(x? ~ y?) +. xy(b —_ a) ; 


We now see that, if the compatibility conditions are to be satisfied 
identically, then S should take the indeterminate form o/o. Other- 
wise we should insist that S should be a function of 7 only, since 
the left-hand side of (84) isa function only of r. This latter condition 
is equivalent to restricting S such that 


Os 0s : 
oe eal aes (86) 


The importance of satisfying the compatibility conditions identi- 
cally is that these conditions do not then require any further re- 
strictions on the form of % other than those required by equation 
(III)—in this case the requirement of a circular symmetry for &. 
If the compatibility conditions are not satisfied identically, then 
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(86) should be satisfied, and this will require, as we shall see, only 
certain special forms for B(z). 
Case 1: S indeterminate.—By (85) we should now have 


hyy — hx = 0 (87) 


and 
h(x? — y?) + xy(b — a) = 0. (88) 


Equation (87) implies that , = 4, = o. Hence, our expressions for 
a, b, and h now reduce to (cf. Eqs. [57], [59], [60]) 


a= —hy == le «5 b = -hy Pas bo (89) 


and 
h=h,+ hyxy. (go) 


Substituting (89) and (go) in (88), we have 
(hi + hyxy)(x? — y?) + xy(—bo — Ayx? + yy? + ao) = 0. (91) 
The terms in /, cancel identically, and we are left with 
h,(x? — y*?) + xy(a. — bo) =O. (92) 


Hence, 
h,=0, a) = bb = — xk; (Say). (93) 

We thus see that, if the compatibility conditions are satisfied iden- 
tically, the solutions for the coefficients of the ellipse can involve 
only two arbitrary constants, as against six in the general solution 
obtained in § 6. If we now set —/, = x., then we have 

a= K2,V" of Ky ’ 

b=axr+en, } (94) 


h = —k,.xy. 
If w and v are the residual velocities, then 


u=U-U,; v= V—Y/J,. (95) 
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The fundamental quadratic form is now given by 
QO = (ky? + k1)u? + (Kx? + k1)0? — 2K.xyur. (96) 


If € is the angle which a principal axis to the ellipse Q = constant 
makes with the positive «-direction, then, according to a well-known 
formula, 


2h : 
tan 2€ = : (97) 





or from (94) 


2xy 2 tan 6 
tan 2€ = —_= = tan 20, 98 
f= 4s (98) 





where @ is the angle which the line joining the origin to the point 
(x, y) makes with the positive x-direction. From (98) we conclude 
that 


ex@+tr or e=x=@+-. (99) 


Na 


Hence, the principal axes of the velocity ellipse at any point are along 
the radial and the transverse directions, respectively. In other words, 
we do not have any ‘‘deviation of the vertex.”’ 

The ratio of the axes of the velocity ellipse defined by (96) is also 
easily found. For, if 2/ is the length of a principal axis, it should 
satisfy the equation 


ih (a+ 6) + (ab — 7) =0, (100) 
or 
i = 3 (a+ 6) tV(a 4+ 6) — 4(ab — I). (101) 


Substituting for a, b, and / from (94) in (101), we find, after some 
simplifications, that 


; = ${2«K, + «(07+ y?) w(x? + y’)}. (102) 
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If 7, and J, denote the lengths of the semiaxes of the velocity ellipse, 
then, according to (102), 


I I 
q=-; = 


Ky Ki + a(x? + y?) ‘ (103) 





Hence, the ratio of the axes is given by 


— i EOE: (104) 
Ll Ney + x(x? + y?) ite 


Considering next the motions (remembering that, according to 
our present choice of the origin of fundamental frame of reference, 
5, = 6, = 0), we have 














aU, + hV, = A, = By, 
(105) 
hU, + bV, = A, = —Bx. 
Solving for U, and V., we obtain 
Vee lee 
U~. as ab ae h (hx + by) ’ 
P (106) 
J o= ao (hy + ax) . | 
From equation (94) we find that 
hx + by = my ; ax + hy = xx, 
(107) 
ab — h? = x,[k, + x.(x? + y?)]. 
From (106) and (107) we now obtain 
U, = By Vv. = & (108) 


ki + xix? + 9’)? ii + (a? +’) ” 


If we denote by 9, and II, the rotational and the dilatational veloc- 
ities, respectively, then 
I 


V,. cos @ — U, sin @ = ————- (x V, — yU.), ~— (10 
: Tay Ve = 3), (109) 


0 


I 
Viet y? 


Il, = V. sin 6+ U, cos @ = (yVo + xU.). (110) 
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From (108), (109), and (110) it now follows that 


Bart yy? . = 
Ky + k(x? + y?) ; I. ee (111) 





Q=- 


Hence, the motions of the local centroids are of a purely rotational kind 


with no dilatational motions. 
If we denote the radial distance from the origin by @, then (104) 
and (111) take the forms 


is K w 
oS Qa = - a. (112) 
Ls Kr + K20” Ki + KW? 


If w, denotes the angular velocity, then 











Oo B a 
ig 6 ee 113 
w Ky + K20” ones 
Hence, the Oort constant A is given by? 
@ Jw K»Bar 
A = — —-=> > —_—__—— II 
2 Ow (ki + K2.w*)? 444) 
or 
Se a. (11s) 
Wy Ki > Kw 
Hence, finally, 
A Ky 1\? 
i+ — = = [- (116 
Wo Ky + K20)° i . ) 


which is a relation first derived by Oort and Lindblad. 

We have thus shown that, if the compatibility conditions are to 
be satisfied identically, then we are necessarily led to the Oort-Lind- 
blad systems having (1) circular symmetry, (2) no differential dila- 
tational motions, (3) no deviation of the vertex, and (4) a relation 
between the ratio of the axes of the velocity ellipse and the Oort 
constant A. We should, however, notice that we have proved (1) the 
circular symmetry and (2) the absence of differential dilatational 


9 Cf. W. M. Smart, Stellar Dynamics, pp. 393-395, Cambridge, Eng., 1938. 
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motions; we did not assume these characteristics, as is done in the 
methods of Oort and Lindblad. 

Case 2: S = S(r).--If the compatibility conditions are not satis- 
fied identically, then, as we have already seen, we should require 
of S (as defined in Eq. [85]) that it is a function of 7 only. This is 
equivalent to restricting S to satisfy the condition (Eq. [86]) 

Os Os 
ie (117) 


Ss 


Ese ‘ 
OX Oy 


On substituting for S from equation (85) and using our general solu- 
tions for a, b, and h (Kas. [59], [60], and [57]), we find that (117) can 


be reduced to 


yi thh, + h3(b, — a,)} + hyhyx?y + 2h2x8y — 2hyhyxy? 
— 4hih,x’y? + 2hixy = xi {th h, + h(a. — b,)} + hhyy?x (118) 
+ 2hjy%x — 2h,h,x’y — 4h,h,x’y? + 2h2yx3 J 


The terms x*y, xv’, and xv* cancel. Equating the coefficients of v3 
» o o oe ’ 


x3, x’y, and wy to zero, we obtain 


hh, + h;(bo — ao) = 0; hh, =0, ) 
p (119) 
hh, + hi(ao — bo) = 0; hh, =o. ) 


The equations (119) can be satisfied in either of the following two 


ways: 
kh; =O, do = b, h,, h; arbitrary (case a:) (120) 
or 
h, #0, h, = h, = 0, ay, 6, arbitrary (case a,). (121) 


Consider first the case a,. Then 
a= —2hy — hy -— a, 
b = —2h,x — hy? — a, | (122) 
h=hxet+hy + hyxy. | 


The solutions for the coefficients of the velocity ellipse now involve 
four arbitrary constants. On substituting the foregoing expressions 








32 S. CHANDRASEKHAR 


< 


for a, b, and / in the equation defining S, we find that it now re- 
duces to 





On the other hand, from equation (84) we now infer that 





QB 

dr? 3 

dB 2’ was 

dr 

or, integrating, 

dB __ constant , 
a (125) 
dr r Soa 


. 


Since, however, w* = 27 (cf. Eq. [80]), we easily find that (125) is 
equivalent to 
dB constant 
Se SS See (1 26) 
dw wr 
which means that in this case we have an inverse square law of force. 
Consider next the case a,. Then 


‘= => hy? = do, | 
.b = —hyx? aan b, ’ (127) 
h=h+hyyxy. 


Further, from equation (85) it immediately follows that S = 0, or, 
according to (84), 





LY 
=o. 128 
dr? ( ) 
Hence, 
dB 
— = constant , (129) 
dr 
or 
dB P 
— = constant o, (130) 
da 


which is the case of a quasi-elastic field of force. 
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For the cases a, and a, just considered, we have deviations of the 
vertex predicted, and, further, the motions of the local centroids are 
no longer (for these cases) of a purely rotational kind. 

We now see that the discussion of the integrability condition (in 
the form Eq. [78]) has shown that, while the general solutions of 
the differential equations (I,) for the coefficients of the velocity el- 
lipse contain six arbitrary constants, the integrability condition re- 
duces this number. Thus, if equation (78) is to be satisfied identical- 
ly (i.e., with no restriction on the form of B(@)), then there are only 
two arbitrary constants at our disposal. On the other hand, the 
number of constants at our disposal increases to four for certain 
special forms of B(@), namely, for the cases of inverse square law 
and quasi-elastic fields of forces. 

The results proved in this section have been derived by different 
methods by Lindblad’ and Heckmann" on the basis of an earlier 
investigation by Shiveshwarkar.’ But our analysis is more general 
than that of these authors. In particular, we have based our discus- 
sion on a more general form for the distribution function than was 
assumed by Shiveshwarkar. Further, while the authors quoted as- 
sume circular symmetry, we have proved this as a requirement for 
the existence of differential motions in two dimensions. 

10. The discussion of the compatibility conditions (case B = 0).— 
For the case 8 = o we have already shown in $8 that ¥ is con- 
stant along lines parallel to 6.x — 6,y = o. By a rotation of the 
axes of the fundamental frame of reference we can arrange the equi- 
potential lines to be parallel to the x-axis. We shall assume that 
this has been done. Then 


B(x, vy) = Vy). (131) 
For this choice of the orientation of the co-ordinate axes we have 
a ee ee (132) 
1 M.N., 96, 69, 1935. 


" M.N., 96, 67, 1935. 
2 M.N., 95, 655, 1935. For an account of these investigations see Smart, op. cit., 


PP. 414-24. 
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Consider the integrability condition in the form (79). According to 
equation (79), we now have (since 0%/ dx = o) 


Oh db\ dB F PY 
the oe al ha . se : >? 
dy dx) dy dy ° 133) 


or, substituting for a, b, and / according to equations (59), (60), 


and (57), we have 


#® 

dy? h, + hyx 

of Rgalhand Y career WORE: SE (134) 
dd hy + hx + hyy + hyxy 

dy 


Hence, the integrability condition (133) will be satisfied identically 
if the right side of (134) is of the form o o or 


wn 
wn 
— 


h=h,=~h,=h=o0, (3: 


in which case 


a= —-d, b= —b,, h=o. (136) 
On the other hand, if the integrability condition is not satisfied iden- 


tically, then the right-hand side of (134) should be independent of x. 
This is possible in either of the two following cases: 


h,=h,=0, h,, h, arbitrary (case a:) (137) 
or 
k= kh, = 0, h,, h, arbitrary (case az). (138) 
In case a, 
a= —2hy—-— a, 
b= —b, (139) 


h=h+hx. } 
Further, from (134) we have for this case 


Ys dB \ 
c= ° or oe constant . (140) 
( ( 


THE DYNAMICS OF STELLAR SYSTEMS. I-VIII 35 


Hence, for the case a,, B is a constant (since it is independent of 
both x and y). 
In case a, 
q= —hy — a, 
b= —2h,x — hax? — b, | (141) 
h=hy + hyxy. 


/ 


Further, from (134) we now have 


Ys 

dy? 2 

——- = —~, 142 
d& y (sqa) 
dy 


or 


dW constant ( 
— = —— , 143 
dy ys 43 


11. Stellar systems in two dimensions with differential motions and 
with no restriction on the form of B-—-In $8 we saw that the case 
B= é, = 4, =068a 


“singular” one. It implies that 
au, + hV, = 0, aa 
? (1 
WU, + 6, " 


Os. 


In this singular case there is no restriction on the form of 8. How- 
ever, (144) now implies that either U, = V, = 0 or ab — I? = 0. 
In the former case we have no differential motions, and, conse- 
quently, this case is not of much interest. If U., Vo # 0, then 


ab—h? =0, (145) 


or, using our general solution for a, 6, and /, obtained in § 6, 


(hi + hiv + hyy + hyxy)? = (do + 2hay + yy?) (bo + 2hyx + hyx?). (146) 
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Expanding (146) and equating the coefficients of the different power 
combinations of x and y, we obtain 


h? = Aobp ; hyh, = h.h; ’ ] 
h2 = aN, } hh, = hao <4 (147) 
h? = Doh, ; hyh, = h.by . 


The six relations (147) are seen to be equivalent to 





1 _ Its | 
ay oe. h, ial h, ’ | , 
; TAe 
ie hy _ kh, | si 
oe 
Hence, 
= -2hy hy — B= hy (y+ 2) (149) 
a = —2h,y J “ie Ay A}? 149 
” oe. aes ore. : 
b= —2h,x — hy .* h, (: + p) ‘ (150) 
Since /? = ab, we have 
Ca. ae 
h= h(a + 2 )(3 + z) (151) 
Let 
pe on es _— h, 
Xaatys Paget (152) 


® 
This corresponds to a parallel translation of the origin of our system 
of co-ordinates to (—h,/h,, —h./h,). Equations (149), (150), and 
(151) now take the simpler forms 


a=kY?’, b = xX’, h= —«XY, (153) 


where we have written « in place of —/,. Further, « is an arbitrary 
constant. From (144) we now find that 


— = ——- = —-=-—, (154) 


Hence, in the system of co-ordinates (X, Y) the motions of the local 
centroids are purely radial. 
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For the case under consideration the fundamental quadratic form 


Q takes a remarkably simple form. Since 


Q=aU — U.P + 4(V — V2 + 2kU — U.)(V — Vo), (155) 


we have, according to (153), 


Q= «( —- 0.) ¥ — = Vidas, (156) 


or, using (154), 


QG= UY ~ Yay. (157) 


Considering next the compatibility conditions (IV;), we can now 


write them as 





ay ays 
a= h—= 
Ox + 0 
Oy Oy 
h—= b6— = 
OX ~ 0 
where, according to (55), 
eS 


Ox 


* aes 


ate (158) 
Ox 


20Y’) 


(159) 


since now Q, = o (cf. Eqs. [154] and [157]). From (153) and (158) 


we obtain 





1. Ox —~ Wily Oy 
4 OX 


I Ox : ~ Os 
= Xa cX (YS - 
a ia ( ax 
or 
, Ox » Oe 
A ax 4 an 
Hence, 


— X 


X 





4M 
sr) ; (160) 
0 
ay 

- 6 
Oo} ) ; (x t) 


(162) 


(163) 


Finally, for the distribution function we have 


W = ¥{K(UY — VX)? +], (164) 
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where, according to (159) and (163), 


X 
c= “(7). (165) 


If we choose a Gaussian form for the distribution function, we have 


y= p (% ern —vae : (166) 


where p = e ’; in other words, the equi-density lines are radial and 
we have a Maxwellian distribution of the angular momenta. 


Ill. THE SOLUTIONS FOR THE COEFFICIENTS OF THE 
VELOCITY ELLIPSOID AND THE MOTIONS IN 
CARTESIAN CO-ORDINATES 

12. The fundamental equations in Cartesian co-ordinates. For the 
fundamental frame of reference we shall choose a Cartesian system 
of co-ordinates (#, y, 3). For such a system P = 0 = R = 1, and 
the differential equations (1), (11), (III), and (IV) now become 





Oa E 0b a Oc Jes 
—=o0, (i); —— sO, (i) ; —=0, (i) 
Ox Oy OZ 
Oh . da t dg , da 
oF — oO, «= oS ae, Fes! 
Ox Oy ) OX si Os ) 
ak . ab . af . ob ss 
2—+—=o0, °° (vl); 2—-+—=o0, (vil I 
dy Ox dy dz wn | Cy) 
: : <a e | 
Og OC aes OT Oc 3 
2— pe © ae Vill) ; 2. = cee See AO ve 1X) | 
Oz OX ( Os ~ OV (Ox) 
yf Veg dh | 
SO aw, (x) | 
Ox OV Os 3 
OA, 5 OA, . dA, oa 
— =0 1) ; —+—e=o0, (lv 
Ox 7 Ox a oy a 
aA, z aa, . dd, | 
—_ =0, i aes a — =-0O, Vv IT 
Oy ( ) : Oy + OZ ( | me) 
A, a dA, , dd, eh 
——— HD, (ae) - ee Ree 
Os a) Oz . OX ( )| 
Oy OY OY 
A a A, ——— A nea © III 
‘ae dy al © GB 
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and 


a eh g 
( ah 8b f Jaa Y= —} grad x. (IV,) 
g f ¢ 


13. The solution for the coefficients of the velocity ellipsoid. -A sim- 
ple examination of the differential equations (1,) reveals that 


a is independent of x and quadratic in y and zs, 
b is independent of vy and quadratic in z and x, 
c is independent of z and quadratic in x and y , 
fis linear in y and z and quadratic in x , 
g is linear in z and x and quadratic in y, 
his linear in x and y and quadratic in z. 


(167) 


The solutions for f, g, and # must therefore be of the following forms: 


f=fithy + fiz + fayz, (168) 
g=g,t+ 2.2 + g3x + g,2x, (169) 
h=h,+ hx + hyy + hyxy, (170) 
WHO «4s eh is ees g,), and (h,,...., 4,4) are general 


polynomials of the second degree in x, y, and sz, respectively. We 


can therefore write 


fn = fro tH fart + fiaz®? Cs me 4), (171) 
En = Bno + Snr¥ + Sn2¥’ fe ere ,4),.. 9a 


lin = Nno + Ind + Ane? (9 Bess phe te 


where fro, . . . - , An. are all constants, arbitrary in the first instance. 


nd 


Differentiating equations (iv) and (v) partially with respect to z 
and y, respectively, we find that 

ag 7h 

ge ee (174) 


dxdy  Oxdz" 


Similarly from (vi) and (vii) and from (viii) and (ix), we find that 


ah af. ef _ 


dydz dydx’ dzdx dzdy" 


0g 








(175) 
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Substituting for f, g, and / from equations (168)~(170) in (174) and 
(175), we have 


0 0 ) 
a (83 + g42) = — (hz + hyy) , | 
Oy OZ | 


) ) | 
= (hy + byt) = = (fat far) 5 | (176) 
OZ OX | 
O55 0 | 
me iF fsy) = dy (g2 + g,¥) . | 


From equations (171), (172), (173), and (176) we now find 


831 + 28329 + 2( qr + 28429) = Max + 2h222 + y(lgr + 2h422) , 
Nyx + 2hy.t + Xl + 2M3) = far + 2fex + 2(fr F 2fg2X) , | (177) 
far + 2fgee + y(far + 2fex) = gar + 2g2y + x( gy + 28429) « J 


Equating the coefficients of x, y, 3, etc., in the equations (177), we 
find 
£35 = Ba } La = 2h,, } SS eae Ny: ) £30 = ia ; 
Bs; = fa } hy: = 2h. ; 2h;, = fax ; hy = faa ; (178) 
tu = Par 5 Sa: = 2822.5 2fsa = er ta a <i 


or, after some simplifications, 


for = Ny 5 fa = 282 = 2h; , 


far Tx ; ae 2h., = 2f 32 ; ; 
(179) 
iis = 2315 Rs = 2fr2 = 2232, | 


On substituting equations (168)~(173) in equation (x) of (I,), we 
obtain | 


(fir + 2frax) + (far + 2feex)y + (Sgr + 2fgeu)s + (far + 2fg2x) y2 
+ (gir + 28129) + (821 + 28229) + (g31 + 2g;2y)x 
+ (gg: + 2gy.y)ax + (Mir + 2/23) + (ar + 2222) 
+ (Ayr + 2h322)y + (hy: + 2hyz)xy = 0. 
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On equating the coefficients of x, y, etc., we find 
fu + ur + hy: = O°, | 
afi. + £31 + hs, = 0, | 


if + 2212 + h; ah > 
tu + Lor + 2h,, =o, | 


(181) 
2h + 2232 + Ny: =0O, | 
fia + 2 £22 + 2h;, =O, 
2f sa + £41 + 2h,, =o0O, 
Sig: + 842 + hy: =o0. | 
From equations (179) and (181) we easily find that 
fr cS —hy, ng ae se if = 22 = hea, — hy, =o, 
Bin = — fa = —hhy 5 82 = hy = fa = fa =O, | (182) 
hy, = =f = — fs : i = if = Lan a i =o | 


Hence, our solutions for f, g, and / are 

f = (fo + fire — harx*) + (fro + fax)y + (fo + gar) + foyz, (183) 
8 = (8:10 + uy — fay?) + (g20 + gary)s + (830 + Mary) X + Byo2x ,(184) 
h = (Myo + Mund — 82127) + (ho + hns)x + (hyo + fnz)y + Agxy. (185) 


In the foregoing expressions for f, g, and / the coefficients fio, 210, 
Ito, F205 S20) Mav, far» Bsr, Mars f x05 B30) Bae» Serr Ln, SNE Ae ave Ol armntiary 
constants. Of the remaining three coefficients, f::, gi:, and /,,, two 
are arbitrary and the third has to be found from the relation (cf. 
Eq. [181]) 

fut guthn =o. (186) 


The solutions for a, 6, and c now readily follow. Thus from equa- 
tion (iv) of (I,) we have 


Oa _ oh 


ay = — = —2(hn + haz) — 2hpy. (187) 


.* 
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On the other hand, according to (167), a is independent of x and 
quadratic in y and z. Hence, on integrating (187), we have 


a= —2(hn + haz)y — hoy? — (do + a12 + 222") , (188) 


where do, d,, and a, are constants. From equations (v) of (1,), (184), 
and (188) we now have 


thay + a: + 20:2 = 28 + 2hay + 222. (189) 


Hence, 
Gd; = 283, G2 = Zyo- (190) 


Our solution for a is therefore given by 
a= —2(hx» + has)y — hwy? — (do + 22303 + gy2?). (191) 


Similarly, 
b= —2( fa + fart)2 — ft? — (Oo + 2hyt + Rox’) , (192) 


C= —2(B0 + BarV)X — Zur? — (Co + 2foy + fey’). (193) 


Equations (183), (184), (185), (191), (192), and (193) represent, 
then, the general solution of the ten partial differential equations 
(I,). Our general expressions for the coefficients of the velocity ellip- 
soid a, b,c, f, g, and / are seen to involve twenty arbitrary constants. 

Now the equations (1) for a, 6, c, f, g, and # do not involve, and 
are therefore independent of, the existence or nonexistence of differ- 
ential motions. Hence, the solutions we have obtained are valid also 
for stellar systems with no differential motions.'? When there are 
no differential motions, the dynamical problem formulated in § 2 
now reduces to finding the circumstances under which the equation 
of continuity admits of a solution of the form 


W(x, y, 2) = Val? + OV? + cW? + 2fVW 


+ 2gWU + 2hUV+<o), | (194) 


where a, 6, c, f, g, 4, and o are continuous functions of position. 
This problem was first formulated by Eddington.'* Eddington’s solu- 
13 This would be the case if the different local frames of references are at relative rest. 


4 M.N., 76, 37, 1915. 
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tion'’ contains, however, only three arbitrary constants, as against 
the twenty that we have found. This discrepancy arises from the 
circumstance that Eddington has obtained only an extremely special 
solution. In his investigation Eddington introduces the notion of the 
“principal velocity surfaces,’ a notion which is seen to be falla- 
cious."® It is true that we can regard the directions of the principal 
axes of the velocity ellipsoid at any given point as being tangential 
to three curves which intersect orthogonally at the point considered. 
But it is of generally true that we can regard these curves as the 
intersections of a triply orthogonal system of surfaces. Consequent- 
ly, the notion of the principal velocity surfaces introduces restric- 
tions of a mathematical character (cf. n. 16) on the physical problem 
which are wholly irrelevant. It should be further pointed out that 
the so-called “‘Eddington’s theorem,” that ‘‘the principal velocity 
surfaces form a set of confocal quadrics,”’ has no validity as a general 
theorem in stellar dynamics. Finally, reference should also be made 
to an investigation by Jeans’? where the dynamics of stellar systems 

's Thid., p. 40. 

© The fallacy becomes clear when an attempt is made to make the notion of the 
“principal velocity surfaces” explicit. 

Let /(x, y, z), m(x, y, ), and n(x, y, 5) be the direction cosines of one of the principal 
axes of the velocity ellipsoid. Let us suppose that there exists a one-parametric family 
of surfaces, a(x, y, s) = constant, such that the vector (/, m, 2) at the point (x, y, s) is 
normal to the surface, belonging to the family o = constant, which passes through the 
point under consideration. We should then have 

Oo Oo Oo ; 
cee; mii pani (i) 
where 7 is some function of the space co-ordinates. On the other hand, from the equa- 
tion o = constant, we obtain 
Oo 
~, 
OX 


0 i a 
eS dy + ds =o. (ii) 
oy OS 
From (i) and (ii) we obtain 


Idx + mdy + ndz = 0. (iii) 


Equations (i) and (ii) now imply that the Pfaffian differential equation (iii) admits of 
an integrating denominator. But it is well known that a Pfaffian differential equation 
in more than two variables will not, in general, admit of an integrating denominator. 
Indeed, one of the famous theorems (due to Carathéodory) in the theory of Pfaffian equa- 
tions is concerned precisely with this question (see S. Chandrasekhar, An /ntroduction 
lo the Study of Stellar Structure |Chicago, 1939], pp. 19-24). 

17 M.N., 76, 70, 1915. 
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with no differential motions is considered. But, unfortunately, 
Jeans’s solution" is again not the most general one; his solution con- 
tains only fifteen constants of integration, as against the twenty 
which characterize the general solution that we have found. 

14. The solution for the motions of the local centroids.—We shall 
now consider the six equations (II,) for the A’s. For this set of equa- 
tions we readily find that 














07A, a O7A, " | 
——_ = ; a see ol 
ay? Os? | 
A, _ Ar _ | Koi 
= ‘ = = : IQs 
02? Ox? ”| 9 
07A, Bl gee OPA; _ | 
ae CC * dy | 
From equations (i), (ii), (ili), and (195) we conclude that 
A, is independent of x and linear in y and z , 
A, is independent of y and linear in z and x, (196) 


| 


A, is independent of z and linear in x and y. | 


We can therefore write 


A, arVva + By + 722 + 6; ’ 
A, = ax + Bis + yx + 62, | (197) 
A; = a,vy + Bx + V1 + 6; ’ | 


where a,, a,,...., 6, are all constants. Substituting (197) in equa- 
tions (iv), (v), and (vi) of (II,), we obtain 


| 
fe) 


a3 + 7; + a3 + B= 
ax+y+tax+6B=0,, (198) 
ay+t y+ a;y + B, ie 
Hence, 
a, = —a, ; a; = —aQ,2 ; a, = —a@; (199) 


18 Thid., p. 73. 
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and 


0 — B; } 6 if, ; a —B, : (200) 


From (199) we see that 


Hence, our solution is 


A, = By — B22 + 6 ’ (202) 
A, = B12 _~ Bx i 6. ’ (203) 
A, = Bx aoe Biy + 6, . (204) 


We thus see that the solution involves six arbitrary constants. 
The solution for the A’s can be written as a single vector equa- 
tion as 


A=rxB+68, (205) 


where A, r, B, and 6 represent the vectors (A,, A., A;), (x, y, 3), 
(B8,, B., B;), and (6,, 6., 6;), respectively. 


IV. THE HELICAL SYMMETRY OF STELLAR SYSTEMS 
WITH DIFFERENTIAL MOTIONS 


15. Lhe solution of the partial linear differential equation for B.— 
According to (III,), we can write 


A- grad B=o0, (206) 
where, as in § 14, A stands for the vector (A,, A,, A;). Hence, 
Y = BT, T,) ’ (207) 


where /, and J, are any two independent first integrals of the La- 
grangian subsidiary equations 


dx = dy ae dz (208) 


& 2 oe 
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Substituting our solutions for A,, A., and A, according to equations 
(202)-(204), we have 


dx A dy " dz 3 
By— Bz+6 Biz—Bxt+6, Bx — By t+ 4; 7 








e (say). (209) 


One integral of (209) is immediately found. We have 








dt Bidx + B.dy + Bdz 
“a B A : (210) 
On the other hand, according to (205), 
B-A=B-rxBpB+B8-6=8-65. (210’) 
Hence, 
dt _ Bud + Bidy + Buds a 
nS B-6 ' een 
or after integration 
jn gyre, (212) 


where y; is a constant. 
Let t, = (J;, m;, ,) be a unit vector in the direction of B. Then 


By B, B; 
1s = TBy} ms = TBI , am |i (213) 


where | B| defines the length of the vector B according to 
|B] = V8; + 83+ 8. (214) 


Further, let 


y= ai (215) 


B- 8 





We can now write (212) as 


t= y,e°/ |B , (216) 


THE DYNAMICS OF STELLAR SYSTEMS. I-VIII 47 


To obtain two further integrals we proceed as follows: : 
From (209) we derive that 





& = ldx + mdy + ndz edi 
t (Ban — Bym)x + (B;l — Bin)y + (Bim — Bal)z + 15: + mé. + né;’ 7 


where /, m, and » can be arbitrary constants. Let /, m, and n be so 
chosen that 


— Bm + B.n = el, 








Bl — Bn=em, (218) 
— Bl + Bim = en”. } 
Then 
dt Idx + mdy + ndz — 
t  elx+my+nz+q)’ 9 
where 
eg = 16, + mb, + né;. (220) 


This choice of 1, m, and 7 is possible only if € is a root of the equation 


eo — B; B, 
& ~e “hl es, (221) 
— B, By =e 


i.e., € is a characteristic root of the matrix 


No 

to 

bo 
VS 


B; o an . ( 


( 12) Te B; B, 
a B, B: oO 


This matrix is of rank 2, and this implies that one of the eigenvalues 
of (222) is zero. In fact, on expanding the determinant (221), we 
have 


& + Ait > 8; + RD) = oO. (223) 
Hence, the two nonzero eigenvalues €, and €, of (222) are 


e, = i|B| ; e, = —i|B|. (224) 
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From (219) we have, on integration, 
t= y(lx + my + nz + q)"*, (225) 


where y is a constant of integration. We have two integrals of the 
form (225), corresponding to the two eigenvalues e, and e, (cf. Eq. 
[224]). The equations (218) for /, m, and can be written as 


—e — Bm+ Bn =o, (226) 
Bl — em—BmN=0, (227) 
—B1l+ Bim —- n=o0. (228) 


Multiply the equations (226), (227), and (228) by @,, B., and 8,, re- 
spectively, and add. We find 


Bil + B.m+ Bn =o. (229) 


Again, multiply the equations (226), (227), and (228) by /, m, and 
and add. We now obtain 


P+m+nr=o0. (230) 


We have thus shown that the eigenvector, t = (/, m,n), of the ma- 
trix (222) is a complex: vector of zero length and orthogonal to B, 
and hence orthogonal also to t;. Let t, and t, be two unit (real) vec- 
tors orthogonal to each other and to t,. Then 


t= + a, (231) 


is a complex vector readily verified to have the required charac- 
teristics. Thus, if 


t= (/,, mx, Mx) ; t. = (l,, m2, m2) , (232) 
then 
t=), +i, | 
m =m, + im, | (233) 


n= n, + in, 
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satisfy the equations (226), (227), and (228), the plus sign in (233) 
corresponding to the eigenvalue e, = i|B| and the minus sign to 
e, = —i|B|. Defined in this manner, (t,, t., t;) are readily seen to 
form a right-handed system of mutually orthogonal vectors. Hence, 


l, =, x L; ; LL, = L; x li. (234) 


Now, according to (220), 


+i|/B\g =e- 6, (235) 
or, according to (231), 
+ijBlq=u.-5 + i,- 8. (236) 
Hence, 
q = 7 (1 +8 F it, + 8) (237) 








1=>/( + ti) 7 + Tey (ue + th) § ‘ (238) 
| 
or, collecting the real and the imaginary terms, 
t ( i+ 8) + i( r > 5) le (239) 
= y{(t Tart S| hy * F — part - (239 
‘Bi B| 
Let 
W=.°7 + me li ° § (240) 
‘B 
and 
I 
B=u°'r—a7 1:4. (241 
B 41) 
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Equation (239) now takes the form 
t= (+ BFP (242) 
Combining equations (216) and (242), we finally have 
(QM + iB)—VIBL = y,(Q — 2B) FV/IB! = yye™/'B) , (243) 


where, among the three constants, y,, y., and y,;, two are arbitrary. 
The equations (243) can be written alternatively in the forms 


(A + Be“ = (x: + ix.) , (244) 
(YI = 1B)et= = (kK; = ik») ’ (245) 


where «, and x, are two arbitrary (real) constants. Equations (244) 
and (245) are easily seen to be equivalent to 
(Y% cos > + B sin LY) + 7(B cos F — Asin ZT) = (x, + tk2) , ) 


. ( (240) 
(k; = 1K2) .« j 


(% cos Y + Bsin LY) — (VB cos Y — YA sin LY) 


From (246) we obtain 











AW cos > + Bsin > = x«,,) 
7 ? (247) 
Bcos¥ — Asin Y = «,.J 
Let 
I ' 
tan @ = B? (248) 
so that 
16 2 9 B Pas 
sin 9 = ————— ; cos 6 = ——., 249 
Val +B Vie +B " 
Equations (247) can now be expressed in the forms 
V+ B sin (LY +0) =k, (250) 
VIF +B cos (> + 6) =x (251) 
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From (250) and (251) we finally obtain our two integrals 


%? + B? = constant = /,, (252 
> + 6 = constant = /,. (253) 


These two integrals have simple geometrical interpretations. 
Now, according to (234) and (240), 


Mauer toe (u. X t;) ° 5 (254) 
| 
ut, x 6 
= Sea (255) 
or, since 
L; = 7 ; (256) 
we have 
x 6 
amu (r+ OOD). (257) 
Again, according to (234) and (241), 
B= u “Tap (ts Xu) +8 (258) 
Lt, xX & 
= ey ° (r i TB +) (259) 
\ ve / 
or, using (256), 
x 5 
Baus (r+ Po). (260) 
| 


Finally, 








BI l;° (7 + B - *) : (261) 
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It is now clear that if we choose a new system of Cartesian co-ordi- 

nates (Y, Y, Z) with the origin at (6 X B)/|B|? and with the co- 

ordinate-axes parallel to the unit vectors t,, t,, and t,, respectively 
z 











Fic. 1 


(see Fig. 1), then it follows from equations (257), (260), and (261) 
that 
X= 7) ; B= X; p= JFL (262) 


Further, according to (248) and (262), 
m 
é = tan Y: : (263) 


In this new system of co-ordinates the two integrals (252) and (253) 
take the forms 


X? + Y? = constant = 7/,, (264) 
B-8 Y 
Z+ TBP tan“? io constant = /7,. (265) 


In the forms (264) and (265) the two integrals admit of immediate 
geometrical interpretations. The first integral, 7,, represents concen- 
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tric right-circular cylinders about the Z-axis. On the other hand, the 
second integral, /,, represents right-circular helicoids, again about 
the Z-axis. The curve along which a right cylinder of radius @ in- 
tersects any one of the helicoids (265) is a right-circular helix the 
equation of which is given parametrically by 

X = @ cos 6 ; Y =o sin@ (266) 
and 
-§ 
B 6 + constant . (267) 


(BP 


Hence, the angle of the helix, a, is given by 


Z= 





= a (268) 


a= ~—tn” = ; 
|2 
w| B| 


Finally, according to (207), 


BX, Y,Z) = a(x + ¥Y7,Z+ ar tan”! x) ‘ (269) 
We have thus proved: 

For stellar systems with differential motions the potential B must 
necessarily be characterized by helical symmetry. The case of axial 
symmetry is included as a special case, namely, when B and 8 are or- 
thogonal. 

As we have just noted, stellar systems with axial symmetry arise 
when B - 8 is zero, i.e., when B and 4 are at right angles to each 
other. 

From (269) it follows that a special case arises when |B| = o. 
This can, however, happen only when 8, = 6, = 8; = o. In this 
case the linear differential equation for B reduces to 


§- grad B=0. (270) 


The Lagrangian subsidiary equations are 


dx _dy_ dz - 
; oe i MG (271) 


It now readily follows that 


Bix, y, 3) = BVlb,x — 6,2; 6,y — 6.2). (272) 











54 S. CHANDRASEKHAR 


Equation (272) implies that ¥ is constant along lines parallel to 8. 
If we choose a new system of co-ordinates (Y, Y, Z) such that the 
Z-axis is parallel to 6, then 0B/dZ = o. By a further application 
of equations (III,) and (IV,) it can be shown that the system must 
be characterized by an axial symmetry as well. The proof of this 
is straightforward, and we shall omit it. 

We have finally the singular case when both |B} and |) are zero. 
Then |A| = 0, and there is no restriction on the form of & arising 
from equation (III). Since 


a8 g\ s/w, YA, 
| h b f \ Vo J= ( A; ) (273) 
yf = W A; 


it follows that in this singular case, either 


U,=V.=W.=0 (274) 
or 
“a es 
h b Pl 50. (275) 
ee 


The vanishing of the determinant in (275) is equivalent to the con- 
dition 
abc — 2fgh — af? — bg? —ch®=0. (276) 


If we substitute for a, b, c, f, g, and # according to equations (191) 
(193) and (183)-(185), we shall obtain certain restrictions on the 
constants occurring in our general expressions for the coefficients of 
the velocity ellipsoid. The case which thus arises will be similar to 
that we have considered in § 11 in connection with the two-dimen- 
sional problem. 

We have now ‘solved the equations for the coefficients of the 
velocity ellipsoid, the equations for the motions of the local cen- 
troids, and the partial differential equation for B. It remains to dis- 
cuss the compatibility conditions (IV). But these conditions are 
more conveniently discussed in a suitably chosen system of co- 
ordinates, and we shall therefore postpone this discussion until 
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after we have considered stellar systems with spherical, spheroidal, 
and axial symmetries. 
V. SPHERICAL POLAR CO-ORDINATES; SYSTEMS 
WITH SPHERICAL SYMMETRY 
16. The fundamental equations in spherical polar co-ordinates.—If 
we choose a system of spherical polar co-ordinates (r, 6, @) in de- 
fining the fundamental frame of reference, we can let 


kee: wp=6; v=. ( 


to 
~s 
~ 
~~ 


For this choice of co-ordinates 


P=; Q=r; R=rsin@. (278) 
The fundamental equations (1), (11), (III), and (IV) now take the 
forms 
da _ Gy | 
oe 1) 
) a 
+ 2h = oO, (ii) | 
Oc : ary 
— + 2fcos?+ 2gsind=o0, (ill) | 
Ap 
—— + a 2h = (iv) | 
Or 06 gc ia i 
; Og , Oa , | 
2rsin@— + — — 2gsind=o0, (v) | 
) Od 
> (1;) 
oh Ob ; 
St ae a) ee, (vi) | 
) : - sis 
2 Snap tag tan 9 cos #8=0, (v1) | 
rele) : 
oe ‘ ret 
2— vi r sin 0 — 2(¢c — a) sin#@+ 2h cos#=0, (vill) | 
| 
a sin 055 — 2(c — 6) cos @ + 2h sin 9 = 0, (ix) | 


4 Ma 4 of r - oh = . 
2f sin 6 + g cos 6 (; sin ay + sin ary: 7 sa) Oo, (x) 
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OA ) 
pe °\ | 
or ; (| 
| 
dA, oa, 
00 + A, eA (11) | 
JA ; a I 
96 +o sin@+ A, cos#=0, (iii) | 
9A, , OA | ui) 
Oa, , OA; of 
_— + 00 A Oo, (iv) | 
aA, dA, | 
sin 0a + 35 A, cos#@=o0, (v) 
a... 0h, te aa 
Ob + yr sin 6 - A,;sinO=o0, (vi) 
. dy . ~ OB AB 
i" S$ 6 2S — —— - P 
Avr sin ay + A, sin 6 ry, + A, a¢ O, (III,) 
and 
Ads Ox 
a h z. ie or 
1 ay I I Ox : 
I AB I Ox 
é f ©] \ Fsine 6 7 sin 0 96 


17. The solution for the coefficients of the velocity ellipsoid—_We 
shall first consider the system of equations (1;). 


From (i) it is clear that a is independent of r. 


Differentiating equa- 


tions (iv) and (v) partially with respect to 7, we find 


yh a 
OP os as: g 


or : or? 


We can therefore write 


h=h,(0, d)r + h.(8, ) , 


g = g:(8, p)r + g.(9, ) . 


(279) 


(280) 


(281) 
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Substituting (280) and (281) in (iv) and (v), we obtain 


Oa 

a6 = 2h,(8, ?) ’ (282) 
a 22.(8, ) sin 0 (283) 
ae = 2g,(6, d) sin é@. 253 


Equations (282) and (283) give rise to the integrability condition 


Oh, 0 a 
36 90 (g. sin 8) . (284) 
Differentiating equations (viii) and (x) twice partially with respect 
to r and using equations (i) and (279), we obtain 


H¢ Qs 
——=09; SF wisi, (285) 


Ors : Ors 





We can therefore write 
Fj == fi(9, o)r? + f.(8, g)r + f;(9, >) , (286) 
c sin 0 = c,(0, d)r? + c.(0, d) + ¢;(0, >) . (287) 


Now, partially differentiating (vi) with respect to 6 and using (280), 
we obtain 








Oh, 07h, _ 
(a +h) + aR + 4h,=0. (288) 


Since /, and h, are functions of @ and ¢ only, we should have 





Oh, wee Wh, _ : 
a +h=0; 792 + 4h, =0, (289) 
or 
h, = h,(o) cos 6 + h,(¢) sin 0, (290) 
h, = h;(o) cos 20 + he() sin 26. (291) 


19 We have written ‘‘c sin 6” on the left-hand side of (287) for reasons of convenience 
(cf. Eq. [319]). 
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h = (h; cos 0+ hy sin 0)r + h; cos 20 + fo sin 26. (292) 
From (282) and (291) we obtain 
a = h, sin 20 — he cos 20 + ay(¢) . (293) 


Again substituting (292) in equation (ii) and integrating, we have 


b = 2(—A, sin 0+ A, cos 6)r + (—h; sin 20 + he cos 26) ) — 
+ bi(r, 6). | 794 
Now substitute (292), (293), and (294) in equation (vi). We are 
left with 


Ab, 
r = = 2b, + 2a,(¢) = Ox, (295) 
or, integrating, 
b.(r, 6) = b.(o)r? + ar. (296) 
Hence, 
b = 2(—h, sin 6 + h, cos 0)r + (—A,; sin 20 + he cos 28) ) aor 
+ br+a,. } ae 


It may be recalled that /,, 44, h;, 4o, a1, and 6b, are all functions of 
¢ only. 

Substituting for g, f, and b according to equations (281), (286), 
and (297) in equation (vii) and differentiating once with respect to 8, 


we obtain 














2 Of; . . Of, . | 
(Ze + fr) sin 9+ (sin 6 ag: + f2 sin 8 | 
ah, , a af (298) 
C C 
me : —— i | _—_ 3 i = | 
a6 + 90 |g: sin a) + ($2 +4) sin 6 | 
Hence, 
Of, Bh _ 
ap + fr =o; age +f,;=0 (299) 


THE DYNAMICS OF STELLAR SYSTEMS. I-VIII 59 


and 





“g Of, re Oh, 0 : 
sin 0 ($2 + f.) * a a (g: sin 8) . (300) 


Hence, according to (299), 


fi f() cos 6 + f;(¢) sin 0 ’ (301) 
f; = fold) cos 6 + f,(g) sin 6. (302) 


Substituting for /, g, and f according to equations (280), (281), and 
(286) in equation (x), we obtain 





2(f.r + f,) sin 6+ (gir + g.) cos 6 
<a : d a > (30 
= rf, sin 8 + sin 6 = (gr + g.) + = (yr + h,) -| (303) 
: 06 Oo 
Equating the coefficients of r in (303), we obtain 
a og , . 2 Og: , Oh, 
f, sin @ = g, cos 8 + sin 6 90 + 86° (304) 
But, according to (300), 
sa 5 le -% 07f. , Oh; wo : Og, 
f, sin 6 = —sin 6 aM + ry g, cos 6 — sin 6 70 (305) 
Combining (304) and (305), we find that 
Og: , Of. _ 
790 oe (306) 
Hence, 
1 Of, 
g: = 11(9) — 5 ap (307) 


Equating the terms which do not involve 7 in (303) and using (284), 
we find 


se: =f, =f, cos0+ f, sin 6. (308) 
c 
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Hence, 
g. = fo sin 0 — f, cos 8 + ¥2(¢) . (309) 


We now have, according to (283), 


d : . 
a = 2(fe sin 6 — f, cos 6+ 72) sin @. (310) 


But a is given by (293). We find after some reductions that 


fo(1 — cos 20) — f; sin 20+ 2 7,sin 6 








dhe | da, ¢ (311) 
a ae «| 
Hence, 
g Meo te, ; 
V2 O°, do — tr ’ dd bint fo ’ dd — = fo . (312) 


From the last two relations of (312) we infer that 
he = a; + constant . (313) 
From equation (vii) we now obtain 


(—f, sin 6 + f; cos @)r? + 2. r+ (—fo sin 6 + f; cos 6)| 


2 sin 6 





+ |2 2(— ee né+ i cos ap + (f; sin 20 + fs cos 26) + od r+ fi 


5 Of, 
% ; ), r+ fesin 0 —f, cos 0| 


— 2 cos O[(f, cos 0+ f; sin 0)r? + far + (fo cos 6+ f; sin 0)] =o. 


| ) (314) 
+ 2sin 0 








The terms in 7’ give 
db; 


do = oy. (315) 


The terms which do not involve 7 are seen to cancel out. Finally, 
collecting together the terms in 7, we have 
af, dh, dh, 


jg I ae 2 ao: (316) 
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which is a linear equation in 6 for f,. On solving, we find that we can 
express the solution in the form 


— - ? ai dh, . dh, 
fs = 3fs(o)(1 — cos 20) + yx sin 26 dé sin 20 + de (317) 


From (307) it now follows that 


g1 = —3fs() sin 20 + y,(1 — cos 26) + i cos 26. (318) 


Substituting for c according to (287) in equation (viii), we obtain 


2( 2 ak “e:) + re(8, 6) — 2[c.(8, 6)r + (6, 6)] 
(319) 


ad ad 
+ 2asin 0+ 2(hr +h.) cos0 =0. 
Collecting the terms in r, we obtain 


Og, 
C2 = 2 2h, COs 6 . (320) 


Similarly the terms not involving r give 


Og . 
(= a asin 6+ h, cos 6. (321) 


From equation (ix) we now derive 


sind) +r/4(1 — cos 20) Oe + sin 20 Fe 
| ( 


) 


ne df, ne df; 
iy roth a 





sin 0 
2 sin \ de 


‘ ah 
— sin 26 —3 











@h,) , { dfs 
dg * do? | 7 | do 


Oc; ( 07g, 
f? — 2 — 
00 + 


dfy : 
cos 6+ do sin 6 f | 
) 


Oh 
toh, si : baie 
bad i, sin 6 + 2 cos 6 70 i 





+ sin 6 








{ dg, — 2 peel 
+ | pis + a cos 6 + sin 0.55 + cos oe — hy sin 8} 


_ cos 0 |r tr{ 28+ 2h, cos) +{ 28+ a sino + a} 
3 1 | * te 1 f ag sin lz COS 


+ 2 cos 6 sin 6[r7b, + 2r{—h, sin 6 + h, cos 0} 
+ {-h, sin 20 + he cos 26 + ax}] + 2(hr + h,) sin? 0= 0. 





(322) 
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Collecting the terms in 7’ in (322), we find that 


Oc, PP 
— — cot 0 = —2b: cos 8 — 2 6 Ds sin g 323 
ry) 3C, CO I, CO 2 (LE cos + a ). (323) 
which is a linear equation in @ for c. On solving (323), we find that 
we can express the solution in the form 

df. 


‘ : ; if . : 
Cr = ¢,(d) sin} 6 + 6, sin 0 + sin 6 Fr + sin # sin 26 dé . (324) 


Equation (ili) now becomes 


dc, f me 
(3 sin} 6 + 2f, sin 6 +4 ie: + sin 6+ sin 26 sin 0 i) 


0’¢; Os wd 
+1(: a? en my  ( + 2g, sin? 6+ we cos 6 





+ 2 sin 6 cos u(r \f,; cos 0+ f; sin 0} +7 {1(; — cos 26) fs 


dh, 


+ y, sin 29 — —3 sin 20 + 


do + }fo cos 6 + f, sin a) 


; ae di 
+ 26m i(r { —3fs sin 20 + y,(1 — cos 20) + cos 26 ‘a 


+ f, sin 6 — f, cos 0)= O. 


Collecting together the terms in 7? in (325), we find, after some re- 
arranging of the terms, that 


rdey af, | 





(4 +f.) sin 20+ (— a + f,) cos 20 + 


dd? 2 do 2do¢ dq’ - (326) 
+ 3h; ae eG 
We should therefore have 
if. 
os +f,=0, \2207)) 
1 dc, 
= ) 28 
sae th Oo, (32 ) 
I dc, ete 4 hs eens isa 


2 do dq’ 
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I;quations (328) and (329) combine to give 


af, 


f =O. 30 
i + af, (330) 
Hence, 
fy = ki COS 26 + k, Sin 2g, (331) 
f = K,COSP+ kK, sing, (332) 
C, = Kr Sin 26 — x, cos 26 + k;, (333) 
be =k sin 2h — kK, COS 2 + Ko 5 (334) 
where k,,.... , k, are arbitrary constants. The terms in (325) which 
do not involve r give 
d?fe, - : d’f, F 
(4 “+ wfc) sin 6 — (52 + fr) cos0=o0. (335) 
Hence, 
d?fe - d’f, F 
— fo = O; ae f, =o, 6 
ig + 4 ga he (336) 
or, integrating, 
fo = k; COS 2 + kg Sin 2, (337) 
Sy = Ky COS (09) + Kio sin 1) . (338) 
WHETE &,... ++; Kj) are again arbitrary constants. From the equa- 
tions (312) we now derive 
h; = —k, sin @ + ki Cos @ + k*, (339) 
he = 5 (Kk, sin 2p — Kg COS 2) + Kit y (340) 
a, = 3(k; Sin 2 — kg COS 26) + ki, (341) 


where «*, «,,, and «,, are further constants of integration, of which 

x* is seen to be zero. For collecting the terms which do not involve 

r in equation (322), we tind that 
df; as 
do 





hs , (342) 
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which, according to (338) and (339), implies that x* = o. 


in 7 in equation (322) are found to give 





dfs , dh,\ . — (@hy; ea 
(2 + Fe) sin o (Fe -+h,)cosd=o0. 
Hence, 
h, = ki; COS @ + Ki, Sin o 
and 
dh, mn 
do = Kic 2fs ° 


Finally the terms in r in equation (325) reduce to 





(2-52) cos 6 + 2( FE + 1) sinf =o. 


do 1p? 


Hence, 


dy, 
dg? 


and 


d*fs ae > ahs 
de? a 


According to equations (345) and (348), 


fs 
ot + ah = 2K15 - 


Hence, 
Y: = ke COS$+ ky Sind, 
fs = kg COS 26 + Kg Sin 26 + 4ki;, 


h, = —kig Sin 26 + Kiy COS 26 + Ky. 


The terms 


(343) 


(344) 


(340) 


(348) 


(349) 


We have now determined all the quantities in terms of r, 9, and @. 
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Collecting our results, the solutions for a, b, c, f, g, and h can be 
written in the forms 


a = h; sin 20 — he cos 206+ a,, (353) 
b = br? + 2(—/h,; sin 0 + h, cos 6)r 
r (354) 
+ (—/A, sin 20 + he cos 20) + a, if 
= (¢. sin? 6+ sin 29 4 Us 2 <iq (Mt 
¢= (« sin? 8+ sin 26 dé ae aa b.) + sin 6 \ae + h, cos 6 )r | 
355 





Ag, ‘ 
; (22: + asin 6+ h, cos 6) , 





sin 0 Oo 
f = Uf, cos 08+ f; sin 0)r? + { 3(1 — cos 20)fs + 7, sin 20 | 
) > (356) 
dh; . dh, re ay: 
dé sin 20 + dé | r+ fe cos 0+ f, sin 6, 
_s dh, | 
g=er+g. = 4 — ofssin 20+ y,(1 — cos 26) + cos 20 —}r | 
_ * dd ) r (357) 
+ (fs sin 86 — f; cos 8), ) 


h=hr+h, = (h; cos 6+ hy, sin 0)r + h, cos 20 + he sin 20, (358) 
where /;, M15, his, Io, Ar, 02, C4, fxs fos fos fz, fs, and Y, are all functions 
of @ only. They are given by 

h,=«:;cos@+k,sin gd, } 

h, = —kig Sin 2 + Ky COS 26 + Kn, | 

h, = —kysin@+ kw cos@¢, 

hy = 3(k, Sin 26 — xx CoS 2) + kn, 


ad, = 3(k, sin 26 — xs cos 26) + ki, 
b, = xk, Sin 2 — k2 COS 26 + ko, 

Cy = Kr SIN 26 — k, COS 29 + k; , > (359) 
fy = ki Cos 26 + kx; Sin 24, 

f; =x,;cos@¢+x,sin¢, 

fo = Kk; COS 2 + xg Sin 24, 

fy = ky COS P + Kw Sin gd, 

fs = kig COS 2 + Ki Sin 26 + 35, 
=k6Cos@?+ky,sing. 





~ 
| 
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We thus see that the general solution for the coefficients of the veloc- 
ity ellipsoid involve twenty constants of integration. This is in agree- 
ment with what we have already found in solving the corresponding 
problem in Cartesian co-ordinates. 
18. The solution for the motions of the local centroids.—We shall 
next consider the six equations (II;) for the A’s. 
On differentiating (iv) partially with respect to r and using (1), 
we find that 
07A, 
cee SE AK (360) 
or’ 
in other words, A, is linear in r. Again, on differentiating (iv) with 
respect to 0, we find that 
07A, 07a, OA, is 


pS Se ee ae Ox 201 
oroe Oo? 06 (361) 





On the other hand, from (i) and (ii) we easily find that 


O7A, 
= 362 
arao (362) 
Hence, according to (ii), (361), and (362), we have 
Ora, 
OR ot As =O, (363) 
or 
A, = qi(d) cos 6 + q.(¢) sin 6, (364) 


since A, (according to [i]) is independent of r. From (ii) and (364) 
we now obtain 


A, = —q sin 6 + q, cos 6 + 43(¢)r + qu(¢) , (365) 
since A, is linear in r. But, according to (iv), 


ads , a, 


Aas —, 66 
ST sh Ue (366) 
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from (364), (365), and (366) we find that g, = o. Hence, 
A, = —q: sin @+ q, cos 6+ q,7, (367) 


where it will be recalled that g,, g., and q,; are all functions of ¢ only. 
Substituting in equation (iii) for A, and A, according to (364) and 
(367), we find that 


dA; = é earaie 
ri (g. + g3r cos 6). (368) 


Differentiating (vi) partially with respect to @ and using (364) and 
(368), we obtain 


cos 0 ot + sin 0( ou: +- w) =O, (369) 
or 
ott = 0; cE ta = 0. (370) 
Hence, 
g=k*o+h; g=hkcos¢+hksing, (371) 


where k*, k,, k., and k, are constants. Similarly, on differentiating 
(v) partially with respect to @ and using (367), (368), and (370), we 
find 


4s 


Te t= 0. (372) 


or 
q; = k,cosé+hk; sing. (373) 
Hence, according to equations (364), (367), (371), and (373), 


A, 


(k*p + k,) cos 6 + (k. cos ¢ + k; sin ¢) sin 6, (374) 


A, 


—(k*p + k,) sin 0+ (k, cos d + k; sin $) cos 6 nei 
+ r(k,cos@? +k, sind). v9 
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Again, from (368), (371), and (373) we now have 


oA ; 
v7 = —(k, cos ¢ + k; sing) — (k,cos¢? +k; sin g)rcos@, (376) 


or, integrating, 


A; = —(k. sin @ — k; cos ¢) \ 
— (k, sin @ — k; cos $)r cos 6 + 4,(r, 8). f 


377) 


Substituting for A, and A, (according to [374] and [377]) in equa- 
tion (vi), we tind that 


06; x COS 0 
=< = —R* ——_., 2478 
or ; sin 0 (378) 
Hence, 
‘ cos 6 
6, = 76,(0) +- k* —— (379) 


sin 6° 


Finally, on substituting for A, and A, in equation (v), we find after 


some reductions that 
k* = 0, 6, = ke sin 0. (380) 
Hence, our solutions are 


A, = k, cos 6+ (k: cos $6 + k; sin ) sin 6, (381) 


A, = —k, sin 0 + (k, cos @¢ + k; sin ¢) cos 0 } (382) 

+ r(k, cos ¢ + k; sin ¢) | sis 

A; = —(k, sin @ — k; cos) — r(kysing — ks cos¢) cos@ | 

4 (383) 

+ ker sin 6. f 

19. Stellar systems with spherical symmetry: the dynamics of globu- 

lar clusters with differential rotations.—We shall say that a stellar 
system is characterized by spherical symmetry if 


OY ft AB - 


a a fe) (384) 
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Equation (III;) now reduces to 


dB 
* dr 


= Or. (385) 


Hence, if d¥/dr # o (the only nontrivial case), 


A, oO. (386) 


According to (381), this implies that 
ki =k, =k; = 0. (387) 


Hence, for systems with spherical symmetry we should have 


4: =0, (388) 
A, = r(k, cos @ + k; sin ¢) , (389) 
A, = —r(k, sin @ — k; cos ¢) cos 6+ ker sin 6. (390) 


We consider next the equations (IV;). For systems with spherical 
symmetry they reduce to 


1 Ox dB 
_—_— da ——— 
2 0r dr’ 


I Ox dYs | 





are = rh ie? (391) 
-i X= rg sin oS | 
Equations (391) lead to the following integrability conditions: 
jo («ir) = ae (Ge) (392) 
2(a2)-S (ame), to 


0 “n 8 dy 0 dy ( ) 
rg sin @——} = — |a—}. 3 
or = dr Od ‘ dr 394 
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These equations are easily seen to be equivalent to 





da oh \dB PY 
(35 =1 5 a ee (395) 
d . , Og\ dB . ~€3 
(5 —gsin#@—rsin 6 a) = = rg sin 6 a , (396) 
oh a) , 
a6 ~ 00 8 sin @) . (397) 


These integrability conditions will be satisfied identically, i.e., with 
no restriction on B(r) if, and only if, 


da Oa 
h=g=o0, eee iE sor 


ee 8 
i” a (398) 


According to equations (353), (357), (358), and (359), equations 
(398) imply that 


Kz, 8, 9, 10, 11, 13, 14, 15, 16, 17, 18, 19, 20 — O. (399) 
Hence, according to equations (353)~-(359), we now have 


a= Ki2 5 


| 
b= br + kn, | 


eee ee 
c= (c, sin + sin 2095 +90 + b,)r + kr, | 
f = (f, cos 6 + f; sin 6)r’; g=h=o, | 
where 
b, = k, Sin 26 — k, COS 26 + ko, | 
Cy = Ky SiN 26 — k, COS 26 + k; , 
: : (401) 
fy = kr Cos 26 + x, Sin 2¢, | 


fh 
| 


=x,cos¢+x,sing. } 
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The solution is thus seen to involve seven arbitrary constants. How- 
ever, by a suitable choice of the direction of the x-axis we can ar- 
range that the equations (401) take the simpler forms 


b, = k, Sin 2 + ko; Cy = kr Sin 26 + k;; fs = kr COS 26 (402) 


and 
fs; = «x; cos @ + ky sing, (403) 


in which case the equations (400) reduce to 


@=kn, 
b = (x, sin 296 + Kw)? + kn, 
c = [x; sin? 6 — x, sin 2 cos? 6 

— (x; sin @ — xk, cos ¢) sin 20 + Ko]? + ki, (404) 
f = [k: cos 2@ cos 6 + (x; cos @ + x, sin ¢) sin 67? , 





g=h=o. 


We thus see that when the integrability conditions (395), (396), and 
(397) are satisfied identically, the solution for the coefficients of the 
velocity ellipsoid for stellar systems with spherical symmetry in- 
volves six arbitrary (nontrivial) constants. 

From equations (400) or (404) it is clear that one of the principal 
axes of the velocity ellipsoid is in the radial direction; there is, how- 
ever, a deviation of the vertex in the transverse plane. 

Let us now denote the components of the motion of the local cen- 
troid along the principal directions at (7, 0, ¢) by P,, 0, and ®,. 


ah g P, A 

| h b f \ 0, | as | A 

gf ¢ P, A 

For the case under consideration equation (405) reduces to (cf. Eqs. 
[388], [380], [390], and [400]) 


By definition 


= 


N 


| (405) 


3 


aP, = 0, (406) 
b0, + fo, = A,, (407) 


{0. + cb, = A;. (408) 
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According to (406), 
P,= 0 (a #0). (409) 


Hence, when the integrability conditions are satisfied identically, 
there are no dilatational motions of the local centroids. However, 
according to equations (407) and (408), the motions of the local 
centroids cannot be described as pure “‘rotations’’ about an axis of 
symmetry. 

We shall next examine whether there are certain special forms for 
¥(r) for which the integrability conditions (395)—(397) can be satis- 
fied : 

Using equations (280), (281), (282), (283), and (284), the integra- 
bility conditions are easily reduced to the forms 








a /e _ hy — 2rh, kau 
dr?/ dr r(hr+h,)’ —_ 
@B/dB_ gg. — 2g; 
=| oh r(gr + g2)’ (411) 
Oh, ms 0 : 
36 30 (g: sin 8) , (412) 


where it will be recalled that /,, /., g,, and g, are functions of 8 and @. 
Since ¥ is assumed to be a function of r only, it is clear that the 
right-hand sides of the equations (410) and (411) should be inde- 
pendent of @ and ¢. This can be arranged in one of the following two 
ways. [ither 
?B_ 1 dB 


ts a (case a:) (413) 





h,=g.=0, hi, 2.0; 


or 
LB 2 dB 


h=g.=0, hi, 2: #0; “oe (case a2). (414) 


Let us first consider case a,. According to (413), we now have 


dB 


i constant r , (415) 
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a field of force which will exist inside a homogeneous spherical dis- 
tribution of matter. In this case equation (412) is identically satis- 
fied. Hence, according to equations (357) and (358), we should have 


h=h=fp=y1=0. (416) 
From equation (359) it now follows that 
Kr3, 14, 15, 16, 17, 18, 19, 20 — O- (417) 


The solution for the coefficients of the velocity ellipsoid appropriate 
to the present case can be written down from the general solution 
obtained in § 17 by setting the eight constants of integration (417) 
equal to zero. 

Let us next consider the case a,. According to (414), we now have 


ds constant 
oor? (418) 


which represents an inverse square law of force. According to equa- 
tion (414) we now have #, = g, = o. Substituting for /, and g, from 
(357) and (358) in equation (412), we obtain after some minor trans- 


formations 
— ifs sin 30 + 3 (fe — ) cos 30 +3 (1, — i) cos 6 | 
2 do 2 do | 
dh ( (419) 
rp _ aM) sg 
+(1h 73) sin @= 0. 
We should therefore have 
_ dh, _ dh, ‘td 
eal Ga S ts * a (419) 
Combining (414) and (419’), we have 
dh th 
hah f= fs few aie w= ae (420) 


From equations (357), (358), and (359) we find that (420) implies 


K7, 8,9, 10, 11, 15, 18, 199 — O 5 Ki6 = Kryg 5 Ki7 = —Ki3- (421) 
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Again, the solution for the coefficients of the velocity ellipsoid ap- 
propriate to the case a, can be written down from the general solu- 
tion obtained in § 17. For the case under consideration (Eq. [418]) 
the solution is seen to involve ten constants of integration. 
We have thus shown that for the two special cases 
, , _ constant 
MY = constant r ; 8 = se : (422) 
r 
stellar systems with spherical symmetry will be characterized by 
deviations of the vertex with respect to all the three principal direc- 
tions. Further, the motions of the local centroids will have dilata- 
tional components as well. 
This completes our discussion of stellar systems with spherical 
symmetry. 
VI. SPHEROIDAL CO-ORDINATES 
20. The fundamental equations in oblate spheroidal co-ordinates. 


A system of oblate spheroidal co-ordinates (A, u, v) is given by 


x = cosh A cos p COs Vv, | 


y = cosh \ cos pw sin v, | (423) 


3 = sinhA sing. 


From (423) we derive that 





ile ie ee é bunt) 
cosh? \ sinh? \ _ oe 
and 
x?+ y? Z? 
a ies =I. (425) 





Cos? wb sin? p 


For a given \, equation (424) defines an oblate spheroid with major 
and minor axes given by cosh XQ and sinh \, respectively. In the 
same way, for a given yw, equation (425) defines a hyperbolid of 
two sheets. Further, it is clear that v has the same geometrical 
meaning as the ‘‘azimuthal”’ angle. The spheroids (424), the hyper- 
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bolids (425), and the planes y=constant provide the basis for an 
orthogonal system of co-ordinates. The half-distance between the 
foci of the confocal spheroids (424) is seen to be unity. This implies, 
however, no loss of generality, since we can always choose our unit 
of length to be the distance between the two foci. 

For the system of co-ordinates (423) it is found that 


P? = Q? = cosh? \ — cos? uw = 3(cosh 2A — cos 2p) (426) 


and 


R = cosh d cos p. (427) 


We shall consider the fundamental differential equations in the 
forms (I,), (II,), (III,), and (IV,) obtained in Part I. The system 
of partial differential equations in our present system of co-ordinates 


is 
os OA ; , mm), 
»\cosh 24 — cos 2p) ay + 1 sinh 2A + 7 sin a =0, (i) | 
c | 
‘ OB : - Be 
>(cosh 2X — cos 2p) a + H sinh 2\ + B sin 24 = 0, (ii) 
OM | 
' OC eee : ‘ as 
> cosh A Cos pw = + G sinh \ cosp — F coshAXsinn =0, (iil) | 
OV 
Ol OH | 2H sinh 2d 2B sin 2 . 
nels Megane 3 * ge (iv) | 
Ou On cosh 2A — cos 2u 
cosh 2A — cos 2u 0-4 0G . 2G sinh 2X + 2F sin 2u 
ree ed SP ge ae eee aoe, EE (v) 
2 cosh? \ cos? uw Ov On cosh 2A — COS 2u 
: : : > (Ie) 
OB OH L 2A sinh 2X + 2H/ sin 2pu ee per 
—— 2 - =0, Vv | 
Or Ou cosh 2A — cos 2u | 
cosh 2A — cos 2u 0B AF = 2G sinh 2d 2F sin 2 o 
— ay Sgeminee cs 2 a aie Saree Mi ilins Be » (vn) | 
2 cosh? A cos? uw Ov Ou cosh 2X — cos 2u 
2 cosh? » cos? aC 0G sinh X sin os | 
Pili ich OR «aie Mo IR Yee Eh we o, (vill) | 
cosh 2X — cos 2u OX Ov cosh \ COS bu | 
2 cosh? \ cos? we OC OF sinh A sin u aed 
——-—___——— — + 2— + 2—,_ H — 2—— B=o, (ix) | 
cosh 2\ — cos 2u Ou Ov cosh \ COS ML 
OF dG , cosh 2A — cos 2n 0H | 
— + — - —=0, (x) | 





dv ' du | 2cosh?A cos? pn dv } 
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0 sinh 2A + 7 sin 2u _ (i 
On cosh 2A—cos2n 73» ’ 1) 
On , sinh 2X + 7 sin 2u ee, 
— =O, (il) | 
Ou cosh 2A — cos 2u | 
dg , sinhA , _ sing = tia 
— — ee ill 
dv 'coshA* cosp ” )| 
, ; p (TTe) 
dé On _ ( | 
Ou or~n” me 
On 0¢ 
(cosh 2\ — cos 24) — + 2 cosh? A cos? w= =o, (v)| 
Ov Ou 
Te ag m, 
(cosh 2X — cos 2h) <> +. > cosh? d cos? m SS =o, (vi) 
Ov Or 
Oy Oy ays 
iy —— f= =0, ITI, 
> On a Ou Ov (IITs) 
and 
Oy I Ox 
A H G — — 
‘ an P? An 
; A I 1 oO “ 
H B EK oe = <== = Be (V6) 
Ou 2 P? Op 
eee aN 10 
Go ¥ « — Bon 
Ov R? ov 
21. The solution for the coefficients of the velocity ellipsoid._We 


shall first consider the system of equations (Is). 
Combining equations (i) and (vi) and (ii) and (iv), we obtain, 


respectively, 


and 


OA OB OH 

Ov Ov ae ia (428) 
oB_ OA, oH (420) 
Ou Ot ~ ON” “ 
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We can write the equations (428) and (429) alternatively in the 
forms 





“ ) 
Fh eae, || 
Or Ou ( 
° 
be ew all = 
Ou * = we 
From the equations (430) we easily derive that 
0? 0? 
an (A oo B) = (A = Bee, (431) 
Or Ou 
PH CH 
——+5—=0 (432) 


On Ou? 


The partial differential equations (431) and (432) are of the standard 
forms and can be solved. We can thus write 


H = H,(id + u,v) + Hlth — w, v). (433) 
From the equations (430) it now follows that 
A — B = —2iH, (in + pw, v) + 27H.(idk — pyr). (433') 


Introduce the two variables p and q, defined by 


p=i+u; g=ii-u, (434) 
or 
K=—-<(p+9); w=Ho-Q). (435) 
We can now write 
H = H,(p,v) + Hq, ») , (436) 


A — B = —2iH,(p, v) + 2iH.(q, v) . (437) 
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Now, equations (i) and (ii) can be written in the forms 


‘ . 
ay 12 (cosh 2\ — cos 2u4)A} = —H sin 2, (438) 
C 
: , 
5, 13 (cosh 2\ — cos 2u)B! = —H sinh 2). (439) 
Since 
>(cosh 2\ — cos 24) = —sin (AZ + yw) sin (AZ — p) ' 
7 (440) 
= —sin psing, 
sin 2u = sin (p — q), (441) 
and 
sinh 2A = —/sin 2\i = —/sin(p+q), (442) 


we can re-write (438) and (439) as 


) : ; : 
< (1 sin p sing) = H sin (p — q), (443) 
Ss, 
- (B sin p sing) = —iH sin (p+ 4q). (444) 
Ou 


But according to (434) and (435), 


oe .. < 0 re ot. ¢ @ 8 — 
On Op dq)’ Ou Op oq 445 


and 
0 I a 0 0 r/. @ 0 P 
an i(-1R +H) ag eee ae? 


From equations (443), (444), and (445) we obtain, after some 
transformations, 


ee Ai = : ' e 3] 31 } 

5p 1A B) sin p sin q} +a + B) sin p sin q} - (446) 
= 21H cos psing, 

oO r . , O Be : re \ 

ap (4 + B) sin p sin q} + 9, 14 B) sin p sin q| (447) 


. . | 
= —2IH sin p cos q.) 
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Differentiate equations (446) and (447) partially with respect to p 
and q, respectively, and subtract. Using equations (436) and (437), 
and after some simplifications, we obtain 


sin p ae + 3 cos p os — 2H, sin p , sin q 
) a ; 3 > (448) 

+) sj WH, + 2 cos OH, oH, si “i is | 

sin q ag? 3 COS G ae 2H,sing;sinp=o. | 


Since 7, and //, are independent of g and /, respectively, it is clear 
that we should have 


0 IH, 
sin p - bi --+ 3 cos p i — 2H, sin p = 2h, sin p (449) 
Ap Op 
and 
3 OH, . . OH, s Pane . . 
sin g Og? + 3 cos q aq 2H, sing = —2h, sing, (450) 


where /, is a function of vy only. Equation (449) is readily seen to be 
equivalent to 


re (7, sin p) + Pal (H, cos p) = —2hy Fs (cos p). (451) 


On integrating (451), we obtain 
(H, sin p) + H, cos p = —2h, cos p + 2h, (452) 


where /, is a function of vy only. Equation (452) can be transformed 
into 


sin p — 2 (Hy + ho) + 2(H, + hy) cos p = 2h, , (453) 


which is a linear equation for 7, + /. On solving (453), we find 


H, 4 he = sin’ p (h, —_ hy, cos p) } (454) 
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where / is again a function of v only. In the same way we obtain | 


from (450) 
H, — ho = sin? q (h, —= h, cos q) ; (455) 


where /, and /, are functions of v only. 
From equations (446), (436), and (437) we derive 


2 {(4 + B) sin p sin g} = 27 (sin p oe + 2H, cos p) sing, (456) 


Og 


or, according to (452), 
0 ‘ port ; . 
aq {(A + B) sin p sin g} = 4i(h, — h, cos p) sing. (457) 
Similarly, from (447) we obtain 
) ; : ‘ i 
os {(4 + B) sin p sin g} = —4i(h, + hk) cos q) sin p. (458) 


Equations (457) and (458) satisfy the necessary integrability condi- 


tion, i.e., 


sin g = (h, — ho cos p) = —sin p : (ht: +h, cosq). (459) 


Hence, from (457) and (458) we obtain 
(A + B) sin p sing = 4i(h, cos p cosg —h, cosg+h.cosp+h;), (460) 


where 4; is a function of vy only. Equations (436), (437), (454), (455), 
and (460) suffice to determine the dependence of A, B, and H/ on 


A and uy. 
Combining equations (v) and (vii), we obtain 


cosh 2\ — cos 2u 0 OF aG 
ae RE nes DY te st eek as 0G ( 
2 cosh? A cos? wav (A — B) = 2 ia” OC (461) 
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or, according to (437), 


cosh 2A — cos 2u 0 _OF . 0G 
2 cosh? \ cos? uw Av oe ~ Mahe Ou a 





From equation (x), on the other hand, we have 


cosh 2A — cos 2u @ OF OG 
2cosh? A cos? Ov a ae ON Ou’ 





From (462) and (463) we readily obtain 








cosh 2A — cos 2u 0H, _ j (s* : x) = (i 0G a 


F rie | Bem | es 
cosh? X cos? wu Ov Ou + Or Or Ou 


and 











cosh 2\ — cos 24 0H, _ eS (* <4 x) (i 0G 2) 


F ae ey eer ra cae 
cosh? \ cos? u Ov Ou Or Or Ou 


or, using (445’), 


cosh 2A — cos 2u 0H, oe i. : 
= ae a on (EP oe Ee 
2 cosh? cos? Ov 0g 





cosh 2A — cos 24 0H, _ 0 


2 cosh? \ cos? wv op (GF +G). 





It is readily shown that 


cosh 2A — cos 2u _ sin p sin q 


2 cosh? A cos? uo . (cos p + cos q)?" 
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(462) 


(463) 


(464) 


(465) 


(466) 


(467) 


(468) 


We can now re-write the equations (466) and (467) in the forms 


dp _4sinpsing 9H, 
dq (cos p+ cos q)? dv ’ 








dy 4sinpsing 0H, 


dp  (cosp+cosq)? dv ’ 








(469) 


(470) 
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Co 
NO 


where we have used @¢ and yw to denote 
@¢=iIF -G; Y=iF+G. (471) 
Remembering that H, and H, are independent of g and /, respec- 


tively, we obtain, on integrating the equations (469) and (470), 


a 4 sin p oH, ms 
aie cos p + cos q Ov + ould, ¥) ; (472) 











_ sin qg oH, - 
'= cos p+ cosq Ov + Hi ¥) (473) 


where @¢, and y, are independent of g and /, respectively. 
Adding equations (v) and (vii), we obtain, after several transfor- 


mations, 


I 0, : 
sin q aq vs sin p dp (o sin 2) | 
2i a ( (474) 
= ER! 
~ (cos p + cos q)? \(d + B) sin p sing} . 








Substituting for ¢, Y, and (A + B) according to equations (472), 
(473), and (460), we find that (474) is transformed to 


1 Of I 


] 
sin g 0g | cos p + cos q dv (HL sin’? q) + 4¥; sin 7 





~ 
mn 
— 


I 0 ( I 
sig sin p Op COs p ao COs q ay (H, sin? p) + io: sin PY (4 





2 


~ (cos p + cos q)? é 





[ho cos pcosg — h, cosg +h: cos p+ hz}. | 


On substituting for 7, and H, according to equations (454) and 
(455), we find that equation (475) can be simplified to 





(ly —h, — h;) + {2 + (cos p + cos q)*} a | 
4S (cos p + cos e 3 5 sin g) (476) 

4 sin q | 

| 

(cos p + cos We 

arn sin p) = | 





4 sin p ap 
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Since ¢, and yw, are independent of g and /, respectively, we can 





write 
wees ied 3 = #,(p, v) (477) 
anh oe g: sin p) = P(/, v 477 
and 
4 
aaplianed ae (y, sing) = Vi(q, v). (478) 


4 sin g 0g 
In terms of ®, and V, we can re-write equation (476) as 


0 ._., dh } 
aere = ee {5 “Ae “Ae 7 peg aie 
25) (h, h, h,) + j2+ (cos p + cos g)’} = | bari 


= (cos p + cos g)?®, — (cos p + cos q)? Vr. } 


On differentiating equation (479) partially with respect to p and q, 
we obtain, respectively, 





cos p + cos q O®, ae ee ae dh, (480) 
2 sin p Op ‘dy?’ " 
cos p + cos q Ov: = -—-o,+vV,+ dh, ( 481) 

2 sin q aq ‘dy! 


Adding equations (480) and (481), we obtain 


1 dO, r OW, 
; —— : — 0, 82 
sin p Op + sing oq . 483) 








Since ®, and V, are independent of g and /, respectively, equation 
(482) implies that 








I O®, I ov, 
pete oa a = =— ; 83 
sin p Op au) sing oq a(v) (493) 
where a(v) is a function of v only. Hence, 
@, = 3g: — a cos p, ) 
(484) 


Vv, =1f/,+ acosq,} 
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where f, and g, are functions of v only. Substituting (484) in equa- 
tion (480) or (481), we find 


a ’ 
4(g fi dv . (485) 


3(cos p + cos qg)a 


Hence, a = o, and consequently 
dh, 


dp (486) 





& —fi 


Hence, from (477) and (478) we now have 


1a 
sin g 0g 


I 
sin 


(¥: sing) = fi. (487) 





0 ; 
> ap Hsin p) = br 


Equations (487) are easily integrated, and we find 


\ 


g: Sin p = g. — gi CoS Pp, 
y: sing = f2 — fr cosq, j 


(488) 


where g, and f, are functions of v only. Equations (476), (486), and 
(487) now give 
2 (hy —h; —hs +h) =0, (489) 


or 
h,—h,; — h; + kh. = constant. (490) 


We have now determined the dependence of the quantities A, B, 
F,G, and H on \ and uw. The only equations that remain to be con- 
sidered are (iii), (viii), and (ix). These equations are seen to be 
equivalent to the following three equations: 

cos p + cos g)3 dC ; 7) ) 
4 5 p sin 2 Op a ae a = (491) 
— (A + B) sin p — 4iH, sin q J 





(cos p + cos q)} dC 
4sinpsing 0q 





; 0 
= i(cos p + cos q) 2 | (492) 
= (A + B) sin q + 4iH, sin p 4 


3(cos p + cos q) “ = iw sing — igsin p. (493) 


op 


ac 
aq 


Pa ae 


“$+ 


ac 


yo 


aC _ 
aq 
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On substituting for (A + B), ¢, and y according to equations (460), 
(472), (473), and (488) in (491) and (492), we find that these two 
equations are — respectively, to 


























16i sin p : 4i sin p (£- df; 
(cos p + cos qg)3 SS P CE ili (cos p + cos q)? ay “49 
_ 167 (ho cos q + h.) sin p cos p 167 sin p _ 
(cos p + cos q)3 T (cos p + cos q)3 eng me 
167 sin p ae 
~ (cos p + cos q)3 H, sin’ q; 
167 sin q 4i sin g dg, dg, 
cos p + cos q)3 = 4 cos p + cos gq)? \ dv v 
(cos p Q) 5 (Ht si ») + Cos p at dy °°S P 
_ 16i(ho cos p — fx) sing cos gq _ 167 sin g 
“(cos p + cos qg)3 (cos p + cos q)3 stata sllallen 
167 sin qg 








(cos p + cos q)3 et 
Equations (494) and (495) should satisfy the integrability condi- 
tion 
vc aC 
agdp — dpag’ 
On evaluating the partial derivative with respect to q of the right- 


hand side of (494) and equating it to the partial derivative with 
respect to p of the left-hand side of (495), we find 





(496) 


; - 
=~ 12(h; — hy cos p) — hy sin? p}| + 8(cos p + cos q) 7 (hy — ho cos p) 
Ov’ 


si ; Ces _ Ot “OS sos q)* SB 
+ 2(cos p + cos a(t = ‘OS p) + (cos p + cos q) a 


— 12(h, cos p — h,) cos g + 4h,(cos p + cos g) cos g — 12(h, cos p + As) 


+ 4h.(cos p + cos q) + 12}2(h; — hy cos p) — hy sin’ p} 


(494) 


(495) 


+ 8(cos p + cos pe — h, cos p) + 12 ~ |2(h, — h, cos q) + fy sin? g} (497) 


+ 8(cos p + cos a) =  (h +h, cos g) + 2(cos p + cos o(£ — = cos a) 


+ (cos p + cos ya, 
— 12(h, cos q — h;) : 4h,(cos p + cos q) + 12{2(h, — hz cos gq) +h, sin? q} 


df, dpi 
dv dp 


rh a 12(4) cosg +h.) cos p — 4ho(cos p + cos qg) cos p 





+ 8(cos p + cos g)(h: + ky cos q) = 0. } 
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On collecting together all the similar terms and using equation (486), 
we find that equation (497) can be simplified to the form 








ee 12h, chat ae die: 1 6: E+ 22) cos p 
@? hs e h, dg df, | 
+ (so — 16 ge 12h, + 2 = 2 #) COS q (408) 


+ 24 92 (y+ hy) + 24(ly + hy) = 0. 








Hence, 
2h, / ce. 
age : = sh, 2 c a = = 28) + es (f2+ 2) =0, (499) 
dv 2 dv 
+2 + 5 3h, — 4 ee 4 tS (f +g.) =0 : (500) 
dy? 2 dp 
and 
£ (h; + hs) = —(A; + hy). (sor) 


Adding equations (499) and (500), we obtain 


ad 1 
: wa (hs aa h,) = = (f. + 22) . (502) 


Similarly, subtracting equation (499) from (500), we find 


. (hk, — h.) = —(h, — h,). (503) 
dv? 
Hence, 
h, +h, = x, cosvy+r,sinv, (504) 
h, — h, = x, cosv+x,sinv, (505) 
d . 
a (hy + hz) = 3(f: + 82) — ks, (506) 


where k;,...., Ks are constants. 


a 


— ————————— 
— 
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On integrating equation (494), we obtain 











ite at 81 ae os » 4i df, df, 
:* (cos p + cos g)? dv? stg) cos p + cos q (f dy “°° 1) 
8i(h, cos g + h,)(2 cos p + cos q) 8i : er 
- (cos p + cos q)? (cos p + cos q)? (Jt; cos q hs) ( (507) 
87 





7 (cos p + cos q)? H, sin’? q + 477,(q, ») , 


where ¥,(q, v) is a function of g and v only. Similarly, from equation 
(495) we derive 


= s (H, sin? p) + = (e — 46 cos r) 

















7 (cos p + cos q)? dv? (cos p+ cosq) \dv dv — 
8i(h, cos p — h,)(2 cos q + cos p) 8i | 
a == h, S -) (508 
(cos p + cos q)? (cos p + cos q)? a i | (508) 
8i | 
H, sin? ry2(p, v) , 

7 (cos p + cos q)? sin’ p + 4ty.(P, ») } 
where y, is independent of g. On equating equations (507), and 
(508), we find that both y, and vy, can depend only on v. We can 
therefore write 

Y: = y(v). (509) 
We have finally to consider equation (493). On substituting for C, 
¢@, and yw according to equations (508), (472), (473), and (488) in 
(493), we find that this equation becomes 
4a; ) 2(h, 7, COS p) %, Sin’? py 2(cos p COS q) dv? dv? cos p 
5 ; 
— 4(2 cos g + cos p) : (i, cos p — Ii) — 4 : (h, cos p + hs) 
OV OV 
+ 2 }2(h; — h, cos p) — hy sin? p}| + 2(cos p + cos q)? ey 
$3" peOre shail é. it! oar i > (510) 
) | 
+4 : }2(h; — h, cos p) — h, sin? p}| + (cos p + cos q)g, 
OV 


4 
— g.(cos p + cos q) cos p — 4 : |2(h, — hk. cos q) + hy sin’ g} 
OV 


— (cos p + cos q)f: + fi(cos p + cos gq) cosqg = 0. J 
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The terms which occur as coefficients of cos p and cos q in the fore- 
going equation yield, respectively, 


dh, dh, 











ah, dg, ao ; 
—8 dp so a ee a PS ae (511) 
and 
d°g, dh, dh; a 
* a Te oa + g, fr =0 (51 ) 


On subtracting equation (512) from (511), we find that 





ah, dh, dh, a mA 
= i a it” “ics , (513) 
or, after integrating, 
hy, fees) 
2 = 5 + Shi + 3h: = 4k, (514) 
adv 


where x, is a constant. On the other hand, according to equation 


(503), 


1? 
2 re (h, — hz) + 2h, — 2h, = 0. (515) 


Subtracting equation (515) from (514), we obtain 


adh, 


2 
dy? 


+ 3h, + 5h. = 4k. (516) 





And now, adding (514) and (516), we have 


2 < (hy + hz) + 8(hi + h.) = 8ko, (517) 


or 


- (hi + hz) = —4(hi + hr) + 4k. (518) 
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The solution of (518) is readily seen to be 
h, + h, = x, cos 2v + kg Sin 2v + ko, (519) 


where «x; and xs are constants. From equation (506) we have 


fi+tg=2 ‘ (ht, + hh.) + 2k; , (520) 
or, according to (519), 
fr + g2 = 4(—k; sin 2v + kg CoS 2v) + 2k;. (521) 
Using equation (520), equation (512) can be reduced to 


> dg, 
~ dy? 


+ 582 + 3f2 = 8x5. (522) 


Using (521) to eliminate f, in (522), we find 


wn 
i) 

P 

Ww 

—S 


—- + g, = —6(—«; sin 2v + Kg cos 2v) + k;. ( 


The solution of (523) is readily seen to be 

£2 = (ky Cos vy + ky Sin v) + 2(—«; sin 2v + kg cos 2v) + «;. (524) 
From (521) we find 
fo = —(k CoS v + Ky Sin v) + 2(—x«, sin 2v + xg cos 2v) + «;. (525) 


In equations (524) and (525), x, and k,, are again constants. 
On collecting all the terms in equation (510) which do not occur 
as the coefficients of either cos fp or cos g, we find 


dsh dh. dh dh d’g 
Se i. id i, SE PO ae OPO, EE 
dys 4 hy 7 ee dv . dy LOCO: “tr COREY CRS dv? 
or ee _ — aes ge 
4 sin’? p As + }—4(2 cos q + cos p) cos p — 8 sin? p — 4 sin? g} =< (526) 


+ 2(cos p + cos q)? a — g,(cos p + cos q) cos p 


¢ 


+ fi(cos p + cos g) cosg=o. 
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On using equation (486) and after rearranging the different terms, 


we find that equation (526) can be reduced to 


8 ah; dh 4+ 16 os — 8 oe (4 cos pcosg + 2 + cos 2p + cos 29) > Fy 


dys 4 dv 





1 1 


— (23 — } cos 29 A 3 cos p cos q)g: + (23 — 2 cos 2p + 3 Cos Pp cos ea 


= 





— (13 + 3 cos 2p + 2 cos p cos q) ag 


oe + 3(1 — cos 2p) - 


On equating separately to zero the terms which occur as the co- 
efficients of cos p cos g, cos 2p, and cos 2g in (527), we find, respec- 





tively, 
dy ‘ dg, ae 
4 - th + 5h 2 = =o, (528) 
dv dv 
acd, Soe ee bi 
dv fr 2 dv’ 2d al (529) 
d 
"44g, =0. (530) 


The remaining terms in (527) give 
527 











Gh, dhs dh, dh, wT. } 
dv3 4 Wy 0 dy ~ dy 72 dv (G — fi) » (531) 
_ 3 dg, I af; = 531 

2dv*— 2 dr’ ais 


From equations (529) and (530) we easily find that 
 — 
ga Wis + &) + (fi + 81) = 0. (532) 


Similarly, from equations (528) and (530) we obtain 


< d’g, 
~ dy? 





+ 5g:— 3f:=0. (533) 


From equations (532) and (533) we readily obtain 


1? 
ap Se — 81) + afr — 8) Os (534) 
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Hence, 
fr tg: = ku cosy + ky sin y, (535) 
fr — 8: = kz COS 2v + ky, SiN 27. (536) 
7) From (486) we have 
dh, : dca 
—' = —k;, COS 2v — Kr SiN 2v, 
4 dp I; 14 537 
or 
4h, = — (x3 Sin 2v — ki, Cos 2”) + k;. (538) 


Again, from equation (530) 


a 
ao eas 


— 221 = Ki; COS 2v + Ky SIN 2¥ — Ky COSY — Ky Sinv, (539) 


or 
4Y = 3(k13 SiN 2” — Ky COS 2”) — Ky SiNYy + kK, COSY + Kw. (540) 


After some minor transformations equation (531) can be trans- 
formed to 
dh, dh, 


+ 16 pe — 3 pS + gi = fe = ©. (541) 


ah, dh, 


~ dps 4 dv 





From (536) and (541) we now have 


13] 1h, lh Ih : 
i ee ee (ie Bats Ki; COS 2v + Ky, Sin 2v, (542) 
dy3 dv dv 








dv 


or, after integration, 
4h, + 16h, — 8h, | 
: » (543) 
= 3(k1; SiN 2” — ky, COS 2v) + constant . | 


dh, 
' ° dy? 





On the other hand, according to equation (490), we can write 


h,—h,; —h; +h, = constant = —x«,,. (544) 
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Using equations (538) and (544), equation (543) is seen to reduce to 


adh 
2 —; + 5h; — 3h, = 4k. 


But, according to equation (501), 
d? 
2— (hj; + h,) + 2h; + 2h, = 0. 
dy? 
From equations (545) and (546) we readily obtain 
a? P : 
dy? (ht; — hy) + 4(hs — Ay) = 4m . 


The solution of (547) is seen to be 
h, — hy = ky COS 2v + ky» SiN 20 + Ky. 


We have now determined all the quantities in terms of P, q, 


Collecting our results, we have 

A= a 

{+B= pollens (h, cos p cos g — hh, cos 

; sin psing > ° i ii —s 
+h,cosp+h;), 


“ ©” Un, sin? p) 


i (cos p + cos q)? | dv? 
— (2cosq + cos p)(h, cos p — hy) — (hz cos p + hs) 


sen | 4! dg, dg ; 
vee? } © (cos p + cos q) ( Oi aes p) T 4, 
H=H,+H., 
4 sin p OH, I 


be WO as ae me ee 














= ee 4sing dH, I 4 
scion oe Se ee ov ‘ao. Je 0OB@)s 





where 
p=itte; g=r—-p 


(545) 


(546) 


(548) 


and p. 


(549) 


(550) 
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and 
H, = sin? p (4; — hy cos p) — ho, 
} (551) 
. sin? g (h, — hz cos q) + Ng « ] 


In the foregoing solution, /,, 4, h2, h3, hy, hs, fr, fo, 21, Zo, and ¥ 
are all functions of v only and are given by 


4h, = — 3(ki; SiN 2v — Ky COS 2”) + Ki, 


h, 


iy 
3(k; COS vy + ky Sin v) + 3(k, Cos 2v + Kgsin 2”) + 3x6, | 
h, = — 3(k; cosy + x, sin v) + 3(k, cos 2v + xgsin 2v) + 3x5, | 
| 

| 

| 

| 

\ 

| 

| 


h,; = 3(k, cosy +x, sin v) + 3(ky Cos 2v + kx» Sin 2v) + 3 kg, 


h, = 3(k: cosy + x, Sin v) — 3(kiy COS 2v + kx» Sin 2v) — 3x, 


—" 
Nn 
wn 
to 
— 


h, = —(kiy COS 2v + kx Sin 2v) — § (ki; SIN 2v — Ky, COS 2”) + Ki, > 
fr = 3(kir COS v + kz Sin v) + 3(k1; COS 2v + Kiy Sin 2”) , | 
£1 = 3(ku COSy + ky Sin v) — 3(k;; Cos 2v + Ky, Sin 2) , | 

| 
fr = — (ky COSY + Ky Sin v) + 2(— x, Sin 2v + xg cos 2v) +k; , | 
g. = (ky CoS vy + Kw Sin v) + 2(— x; sin 2v + xg cos 2v) + k;, | 


| 
AY = 3(ki; Sin 2v — Ky, COS 2v) — Ky SIN v + Ky, COSY + ky. } 


It will be recalled that the quantities A, B, C, F, G, and H are re- 
lated to the coefficients of the velocity ellipsoid, a, b, c, f, g, and h 
according to the relations (cf. Eqs. [47], [426], and [427]) 


a = A(cosh? \ — cos? uw) = —A sin psing, } 
b = B(cosh? \ — cos? yu) = —Bsin psing, | 
c = C cosh? \ cos? p = }C(cos p + cos q)’, 


. / : . 
f = F cosh \ cos hV cosh? A — cos? yp 


ie poe Tia 
= $F (cos p + cos q)V — sin psing, | 








g =G cosh cos pV cosh? \ — cos? 4 
= 4G(cos p + cos g)V— sin psing, | 
h = H(cosh? \ — cos?) = —H sin psing. 
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We thus see that the general solutions for a, 6, c, f, g, and / involve 
twenty constants of integration, as before. 

22. The solution for the motions of the local centroids..-We shall 
now consider the six equations (II¢) for &, , and ¢. These quanti- 
ties are related to the A’s according to equation (48) of Part I. 

From equations (i) and (ii) it follows that 


d& — On fous) 
On Op’ 954 
But, according to equation (iv), 
a On ional 
Ou oi On” ni 
From equations (554) and (555) it follows that 
Ore Org On , On (s<6) 
ore a sare ee. DS — +—=o0. 556 
oy ay’ OW Op? a 
We should therefore have 
E= £00 + pw, v) + &,(0A — pw, v). (557) 
From equations (554) and (555) we now derive 
n = 1&,(iX + pw, v) — 2&0 + pw, vv). (558) 
As in § 21, we introduce the variables p and g defined by 
p=r+4; g=ik—up. (=59) 
Instead of (557) and (558) we can write 
f= £,(p, v) + £,(q, v) ’ (500) 


n = i\f,(p, v) — £.(g, v)} . (561) 
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Using equations (445), (560), and (561), equation (i) can be reduced 
to the form 


q I . . AE, . 
(sin p oe + & cos p) sin g + (sin q 7 + & cos 1) sin p=o. (562) 


Op 


Since £, and &, are independent of g and Pp, respectively, (562) im- 
Ss q I ‘a 
plies that 


, OE, : 

sin p a + & cos p = a sin p, (563) 
; DE, P 
sin q z + §,cosqg = —a sing, (564) 


where a, is a function of v only. Equations (563) and (564) are 
linear equations in £, and &,, respectively. They are readily inte- 
grated, and it is found that 


I 





t, = —— (a, — a, cos p), 565 

g sin? (a; — a cos p) (565) 
I 

f=- » COS ; 566 

é, 2 (a, + a» COs q) (5 ) 


where a, and a, are again functions of v only. 
From equations (v), (vi), and (iii) we can obtain the following 
three equations: 


a ar = a 
i(cos p + cos q)? ap = —isin psing =~, (567) 
: 0g ee - 0g, 
t(cos p + cos q)? a —isin p sin q a : (568) 
and 

a¢ ang 

(cos p + cos q) ia 2i(, sin p + £2 cos q) . (569) 
OV 
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Using the solutions for £, and £, given by (565) and (566), the fore- 
going three equations take the forms 





(cos p + cos q)? = = — si( + ote cos 1) sin p, (570) 
(cos p + cos q)? i =— i(F — oe cos p) sin gq, (571) 

and 
~ Cos p : COs g Car + a2) + (572) 


— a,(cos p — cos qg)} 


From equation (570) we obtain 


- (G4! cs S ‘os q) sin p. ( 
he dv? : 


On the other hand, from (572) we obtain 





un 

si 

Ww 
— 





(cos p + cos q)? 


te 


(cos p + cos q)? =; = 21}(a, + a.) — a.(cos p — cos g)}sin p fa 
+ 2ia,(cos p + cos q) sin p.| 





Equating the left-hand sides of the equations (573) and (574), we 
obtain 


da, day ( ) 
2 2 COs P 575 
dv? dy? q at 








a, + a, + 2a, cosg = — 


Similarly, from equations (571) and (572) we obtain 


da; dao 


a a, — 2a,cos p = — 2 2 cos p. (576 
ars “ P dy? . dv? P 57) 








From equations (575) and (576) we derive 








da, 

2 = a (a; + a.) ’ (577) 
adv 
da, 

2 = — (a+ a,), (578) 


~ dy? 
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and 


da 
— = — a. (579) 

dv? 
Equations (577) and (578) can be combined to give 


i? e., 
—(a,+a:)+(a:+a:) =0; 73 (ax — a2) = 0. (580) 


dy? 


Solving the equations (579) and (580), we have 


a, +a, = 2(k, cosy +k, sin v), (581) 
a; — a, = 2 (k; + k*v), (582) 
a, = k, cosy +k; siny, (583) 


where k,, k., k;, ky, ks, and k* are constants. 
Substituting for (a, + a.) from (581) in equation (572), we obtain 


Og 21 : 
— = ———_———_ ,2(k, cosy + k, sin v) — a,.(cos p— cosq)}. (58 
dv cos p + cos q F + ) P q) 5 (584) 


Integrating the foregoing equation, we have 


21 


(cos p + cos q) 


{ 2(k, sin v — k, cos v) 
> (585) 


+ (Pp, @) | 


l 
+ (cos p — cos q) pa 
d } 


y 
where ¢, is independent of v. Substituting for ¢ according to the 
foregoing equation in (570) and (571), we obtain, after some 
simplifications, 

4tk* sin p OG, 4ik* sin q 


dp — (cos p + cos q)? ’ oq ~~ (cos p + cos q)?’ (586) 


OC, 


These two equations are seen to be incompatible if k* # o. Hence, 


OC, Oty 


ap ag°? (587) 


bP = Go: 








Str 
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in other words, ¢,; is a constant (= 2k,¢, say). With this we have de- 
termined all the quantities in terms of /, g, and v. 
Collecting our results, we have 





3 = §; ++ £25 nS i(E, cad £,) ; (588) 
where 
$ oad b) é — (a, + sq). (580) 
= ° a — Ao COS > 2 = a2 ay COS ¢ . 5 o¢ 
ar ae “sin q d 9 


In the foregoing equations a,, a., and a, are functions of v only 
and are given by 
a, =k, cosv+k,sinv+k;,_ 
a, = k, cosv+k,sinv — k,, (590) 
a, = k,cosv+k,sinv. | 
Finally, 


: 21 ; 
( = ——_________ ( 2(k, sin v — k, cos v) 
cos p + cos q 





? (SOI) 
da +9 


+ (cos p — cos q) a | + 2ko. | 


In terms of the variables \ and uw the expressions for &, , and ¢ are 


found to be 


2k; cosh d sin w— 27(k, cos v-+k, sin v)sinh d cos w—(k, cos vk; sin v)sin 24 


—————— ee P 





cosh? A\— cos? u 
2k; sinh \ cos w+ 27(k, cos v-+k, sin v)cosh A sin p— (ky cos v+k, sin v)sinh 2d 
cosh? A\— cos? pu 





2i(k, sin v — k; cos v) + 2 (— k, sin vy + k, cos v)sinh J sin pw 5 ok 
cosh \ cos pu sae 





It may be recalled that, according to equations (48), (426), and 
(427), &, n, and ¢ are related to the A’s by 


A, = —V cosh? \ — cos? uw» = EV —sin p sing, 
of ‘. / . e = , 
A, = nV cosh? \ — cos* 4 = nV—sin psing, | (593) 


¢ cosh \ cos p = 3¢(cos p + cos q). 


cb 
I| 


’ 


592 


(502 
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23. The discussion of the potential..-We have already proved in 
Part IV that for stellar systems with differential motions the poten- 
tial function 8 must necessarily be characterized by an axis of 
helical symmetry. We shall now show that if the axis of helical 
symmetry be chosen as the z-axis of the fundamental frame of refer- 
ence, then in the solutions for £, 7, and ¢ obtained in § 22, k,, k2, Ry, 
and k; are all zero. The proof is as follows: 

According to (III,) we have 


ays Ay Oo Ys 
go 4a +t ae (504) 
Or Ou Ov 


Using equation (588) of § 22, we can re-write (594) as 


Oy Oe Ay Od Oy 
a(S +i) +e ign) th 70% (595) 


Or Ou On Ou 





or, according to (445’), equation (595) is equivalent to 


Oy dO Ay 
= 21g, — f(—=o0. 596 
Op r 286 Og + Ov (59 ) 





216, 


If we put k, = k, = k, = k; = 0 in equations (589), (590), and 
(591), we obtain 


k, 





Ce at yi S c= ————— YT = 2k og 
: ) ° ’ ¢ 2 C 
"sin p sin q (597) 
Equation (596) now becomes 
k; OB k; OB ., dB 
Se. ee SS —_ ik¢ ee (598) 
sin p Op sing oq Ov 


The Lagrangian subsidiary equations of (598) are 


sin pdp _ _ singdq _ ; dv 


ke, ra a (599) 
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From equation (599) it readily follows that 


.R | 
cos p + i— vy = constant | 
6 | 
and ' (600) 
k; 
cos gq — tv = constant | 
°6 ) 


are two first integrals. An alternative form for the two first integrals 


are 
cos p + cos q = constant , 
‘. (601) 
(cos p — cos q) + 2i vy = constant . | 
6 ) 
But 
cos p+ cosg = 2coshAcosy,  ) , 
A; : > (602) 
cos p — cosg = —2/ sinh X sin yz.) 
Thus, the two integrals (601) are equivalent to 
cosh X cos w = constant , | 
7 (603) 
sinh \ sin w — —v = constant. | 


> 


6 


Hence, 


"6 


: . k 
BA, w, v) = %8 (cosh \ cos w, sinh A sin wp — . v)}. (604) 


On the other hand, according to equation (423), 


(x? + y’)”? = cosh A Cos yp ; z2=sinhdA sing ; | 


y } (605) 


y = tan'‘'-. 
x 


Equation (604) is therefore equivalent to 


| 


: k ) ; 
Bix, y, 2) = B(o + y;3 — > tan “ ‘ (606) 


> 


6 
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In other words, the potential function has a helical symmetry about 
the s-axis. This proves the statement made at the beginning of this 
section. 

Thus, if we choose the z-axis of the fundamental frame of refer- 
ence to coincide with the axis of helical symmetry of %, our expres- 
sions for &, n, and ¢ are considerably simplitied. They are obtained 
by putting k, = k, =k, =k; 


° 


= o In (592): 


2k; cosh X sin pu 


© ee ee ee ee 
s %. 2 Bi a ’ 
cosh? \ — cos? p ’ | 
a 2k; sinh \ cos uo (607) 
cosh? \ — cos? pw’ | 
a { 
a 2k ° ) 


The corresponding solutions for the A’s are (cf. Eq. [593]) 


2k, cosh X sin u 
A, = / : ris 
V cosh? \ — cos? u 

2k; sinh Xd Cos bu (608) 


A, = / , 
V cosh? \ — cos? u 


A; = 2ke cosh A cosy. 


From equation (606) it follows that for stellar systems for which the 
c-axis is an axis of symmetry, &, must also vanish, for then 


B(x, y, 2) = B(x? + y’, 2). (609) 

For this case, according to equation (608), 
Ay 0: A, = 0; A; = 2k¢ cosh Xd Cos pu. (610) 
24. A special case.-We shall illustrate the use of the general 
solutions obtained in $$ 21 and 22 by considering a special case. Let 
us assume that the principal axes of the velocity ellipsoid are along 
the principal directions at the point considered. If this is the case, 

then 

F=G=H=o. -: (611) 
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From the soution obtained in § 21 (cf. Eqs. [549]-[551]) we readily 
verify that (611) implies that 


dh, 
ky eh, ik, ES eS LR (612) 
From (552) we now see that, according to (612), all the constants 
of integration except k,;, Ks, and k,; are zero. Hence, for the case 
under consideration 


H, = —H, = —hy = —4kis 5 hs = ky ; Y= tke (613) 
and 
A a B = ii 
A+B= a (4kis COS Pp COS g + Kuz) , 
sin p sin g (614) 
81 ‘ ' 3 
(— $k:s COS P COS Gg — FKis — Kr) 








— (cos p + cos q)? 
ob 1K16 ; | 


Equations (614) can be written alternatively in the forms 


—(A — B)sin p sing = —ik,; sin psing, | 

—(A + B)sin p sin g = —ik,; Cos p COS Gg — 4lkiz , | eal 
(OTS 

iC(cos p+ cos gq)? = —ikis COS p COS g — }ikis — Ukr; | 


+ likw(cos p + cos q)?. | 


In terms of the variables \ and yu we find that equations (615) are 
equivalent to 

(A — B)(cosh? \ — cos? n) = a,(cos 24 — cosh 2X) , 

(A + B)(cosh? \ — cos? ny) = a,(cos 24 + cosh 2A) + 2a, 


C cosh? \ cos? uw = ad) + a,(1 + cosh 2A + cos 2p) 
+ cy, cosh? \ cos? yp , 


(616) 


where we have written 


dy = —2iKi7; 2d; = —Ikis; Co = 1k6 « (617) 
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_ 


“rom equations (616) we finally obtain 


a = A(cosh? X — cos? np) = dy + a; COS 2p, 
b = B(cosh? X — cos? pn) = do + a, cosh 2d, | 
- (618) 


dy + a:(1 + cosh 2A + cos 2p) | 
+ c, cosh? » cos? u. | 


c = C cosh? \ cos? pu 


Turning next to a consideration of the motions of the local 
centroids, we have, remembering that we have (arbitrarily) assumed 
that f=g=h=o0, 

aA, = A; = &V cosh? \ — cos? KL, 
| 


bM, = A; 


nV cosh? \ — cos? pn, ? (619) 
; : | 
cNo = A; = ¢ cosh dA cosy, 

where &, n, and ¢ are given by equations (592). In (619), Ac, Mo, 
and N, are the components of the motion of the local centroid along 
the principal directions at (A, u, v). 

If we assume that the axis of the helical symmetry of & coincides 
with the z-axis, then, according to equations (608) and (619), 


2k, cosh X sin wu 





Ao = / , 
(do + a; COS 24) V cosh? X — cos? pu 
2k, sinh cos wu 


M, aa nye / ’ 
(a) + a; cosh 2X) V cosh? A — cos? pu 


(620) 


‘ 2k cosh X COs wu 
de + ai(a + cosh 2d + cos 24) + c cosh? d cos? p* | 





If we now introduce the further assumption that ¥ has an axial 
symmetry about the z-axis, then, as we have seen in § 23, k; = o. 
In this case, 

Ay = Mo = 0; 
— 2ke cosh X COS wu > (621) 
aol do + a,(1 + cosh 2A + cos 24) + cy cosh? A cos? uw - 





Equation (621) implies that the differential motions have now a 
purely rotational character. 
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It should be particularly noticed in this connection that the as- 
sumptions (1) F = G = H = oand (2) the axis of helical symmetry 
of B coincides with the axis of symmetry of the “velocity surfaces’”° 
still do not reduce the differential motions to a purely rotational 
kind. It is only when we introduce the further assumption that ¥ 
has an axial symmetry as well that the reduction to a pure rotation 
results.?! 

25. Systems with spheroidal symmetry..-We shall define a stellar 
system as having ‘‘spheroidal symmetry” if 

ase A dys 


en A, ree A TE ne (622) 
Ou Ov dX 





Equations (622) imply that the eguipotential surfaces form a system 
of confocal spheroids. Since the potential function 8 has now an 
axial symmetry, the solution for the A’s is given by (610). 

For the case (622) the compatibility conditions (IV,) reduce to 


~ ay 20d’ 
D2 d& = — T Ox >? 
oe dn 2 Op’ | (623) 
. yee I Ox 
a ans 


Equations (623) imply the following three integrability conditions: 
01, ,8e\ #8 ( sane OO 
Ou (1 is a ~ OX sia re 
7) dQ a dQ 
D2 tint repos 2 ne ee et ; = 
Ov (1 i = Ou (x : x) af (624) 


0 : dd _ 0 7 dys 
& (RG *)-2( ‘ x): | 


20 Which, under assumption (1), now exist. 

21 It is when we compare the manner in which known results (Iq. [621]) are derived 
here, as very special cases of the more general theory, with the methods and results of 
earlier investigators (cf. G. L. Clark, .N., 97, 182, 1937) that the power and generality 
of our present theory becomes explicit. 
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Equations (624) are seen to be equivalent to 


| @ 0 dM ys 
P ete 22 po ee D2 a _ D2 aos 
Ou (F A) Or ("H) dx “eo dw? ’ 
a a) - \ dB 2 
5 PA) — 3 OG) | me (625) 
0 0 : 
_ (P?H) —_— > (R°G) e 
Ov Ou 


The conditions (625) will be identically satisfied only if 


a, a) 
“(P-A)=0; “(P:A)=0; H=G=o. (626) 
Ou Ov 


From the general solution obtained in § 21 we readily verify that the 
conditions (626) imply that all the constants of integration in (552) 
except «6 and «,; are zero. The solution for the present case can 
therefore be obtained from that given in § 24 (Eq. [618]) by putting 
a, = o. We thus have 


a = b-= constant = dz, 


? (627) 


C = dy + c cosh? vA cos? yp. } 


For the components (A,, My, No) of the motion of the local centroid 
along the principal directions at (A, u, v) we have (cf. Eq. [621]) 


2ke cosh A COS 





p) ee) fa fe hee (628) 


do + Cy Cosh? d cos? p’ 
i.c., the motions are rotations about the axis of symmetry. We thus 
see that the restriction that the equipotential surfaces are confocal 
spheroids is very stringent indeed. 

26. The compatibility conditions. In $$ 21, 22, and 23 we saw 
that the variables which enable a symmetrical treatment of the 
fundamental equations are 


p=rA+u;-q=eHr—-u. (629) 
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It is therefore convenient to have the compatibility conditions (IV,) 
written in terms of these variables. 
The first two equations (IV¢) are 


= 3 ss _ I 0x 

















+ E 2P? an’ (630) 
S > IB — sacl 
Ovo? Ou — 


Multiply equations (630) and (631) by —7 and 1, respectively, and 
add. We obtain 


MN Os Ys 
cl + B)(-1 +) + ya - 8) ¢im(-1 5 - FS) 











Or Ou 
? (622 
EDS I .Ox , Ox rw 
i iad Lee rs ( an ae 


Using equations (436), (437), (445’), and (471), the foregoing equa- 
tion can be reduced to the form 





= a I Ox 
(A + b) 5+ 4iH, —w — P2 ap’ (633) 


Similarly, by multiplying equations (630) and (631) by —z and —1, 
respectively, and adding, we find, after some minor reductions, that 


OB I Ox . 
til, = = © 4. e | + B) © —— tie ar = ~ ip. ag ‘ (634) 


Finally, the third of the compatibility conditions (IV«) is readily 


seen to be equivalent to 





ay aot ay I Ox 
= aor ae SS SS Ss 025 
ip Op + wa a 2R2 Ov (635) 
Remembering that 
P? = cosh? \ — cos? yu = —sin psing, ) 
(636) 
R = cosh \ cos wp =. § (cos p + cos q) 7 | 
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we can combine equations (633), (634), and (635) in the single matrix 


rer 


equation 





; ; dB I Ox 

A+B 4giH, ny ap or ap 

P ‘ dy a I Ox 

“oh Ae & oq i. sin p sin gq dq 
; : ? dB 2 Ox 
=e ” ‘ Ov (cos p + cos q)? dv 


For systems with axial symmetry about the z-axis the compatibil- 
ity conditions take the simpler forms 


dB ; dy I Ox 
meena ———S= SS _ — —- } 
(A + B) Op + is dq sin psing dp’ | 
ay dB I dx | 





—4i H, op “+ (A 7 B) oq ~ sin p sin g oq 


dB mas dy 2 Ox 


Op ’ 0q ~ (cos p + cos qg)? dv © 











ip 


Finally, for systems with spheroidal symmetry we have, according 
to (445), 
ase AaB 
a” (639) 
From equations (638) and (639) we can rederive the results of § 25. 
27. Prolate spheroidal co-ordinates._-A system of prolate sphe- 
roidal co-ordinates is given by 


= 


= sinh d sin up Cos vp, | 
y = sinh XA sin yu sinyp, ; (640) 


= cosh A cos nu. 


a 


From (640) we have 


x? + y? 3? = 
sinh? \ + cosh? - (641) 





(637) 
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and 


oe. eee Bie =jJ.,. (642) 


In other words, the surfaces of constant \ and the surfaces of con- 
stant w form a system of confocal prolate spheroids and hyper- 
bolids, respectively. 

For the system of co-ordinates (640) we have 


P? = Q@? = cosh? A — Cos? p ; R = sinh X\ sing. (643) 


The fundamental differential equations in prolate spheroidal co- 
ordinates are very similar to those in oblate spheroidal co-ordinates. 
The solutions for A, B, C, F, G, H, &, n, and ¢ can be obtained by 
methods analogous to those used in $$ 21 and 22. We shall conse- 
quently give only the final results. We have 


A — B= — 2i(H, — H:), 
A + B= ae (ho cos p cos q = h, COS q + h, cos p + h;) 
8i 


(H, sin? p) + (2 cos g — cos p)(hy cos p — hy) 


£ (<e: —— dss cos p) 
dy dv \ (644) 





ee eae 


+ (ht. cos p + hs) + H, sin’ p } | _ (cos p — cos q) 





+ aty-s 
H=H,+H., 
4 sin p OH, I 


=i1F —G= —— 7, — £, CO 
o— cos p — cosq ov 2 sin np (8: . Pty 





4 sing OH, 








porn te: = ~ COS p—cosg ov sin q (J: “1 q) » 
where 
-p=ittu; g=ihk—p (645) 
and 
H, = an? oS cos p) — - . 
(646) 
H, = —— (hk, — h, cosq) + hy . | 


sin? qg 
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In the foregoing equations hy, h,, h2, It3, Ny, hs, fr, fo, 21, Y2, and Y are 
all functions of v only and are given by 


4h, = — 3(ki3 Sin 2v — ky COS 2”) + ki , 
h, = 3(x; cos vy + x, sin v) + 3(k, cos 2v + xg Sin 2”) + ke, 
h, = 3(x; cosy + «,sin v) — 3(k, Cos 2v + xg Sin 2”) — ke, 


h, = 3(k: cos vy + xk, Sin v) + 3 (ky COS 2V + Kx SiN 2v) + Zki8, | 


h, = 3(k, cosy + x, Sin v) — 3(ky COS 2 + Kx SIN 2v) — FKis, | 

' 
h; = (ky COS 2v + kK» SiN 2v) + § (kr; SIN 2¥ — Kig COS 2v) + Kiz , } (647) 
fi = (kn Cos vy + ky Sin v) + (ki; COS 2v + kyy Sin 2) , 


£1 = 3(ki COSY + Ky» Sin v) — 3(K,; COS 2” + Ky Sin 2) , 
fe = (ky COS V+ Kio Sin v) — 2(— x, Sin 2v + Kg COS 2v) + k,, 
£2 = (ky COS v + Ky Sin v) + 2(— x, sin 2v + Kg COS 2”) — k;, 


4Y = 2(ki3 Sin 20 — Ky COS 2”) — Ky Sinvy+k2COSy+Kke. | 
Further, the solutions for &, », and ¢ are found to be 


2k, sinh \ cos w+ 2(k, cosv+k, sin v)cosh dA sin u— (k, cosv+; sin v)sin 2u 





} si cosh? X — cos? pu ’ | 
j = : / ; ? | 
) _ — 2k; cosh \ sin w+ 2(k; cos v+k,sin v)sinh d cos p — ( k,cosv+k,sinyv)sinh 2\_ | 
| “a cosh? \ — cos? u ’ | (648) 








—2(k, sin vy — k, cos v) + 2( 


—k, sin v + k; cos v)cosh \ cos uw 
sinh J sin uw 


+ 2k . | 


( = 





If we choose the axis of helical symmetry of ¥ to coincide with the 
s-axis of our fundamental frame of reference, then it can be shown 
(cf. § 23) that k, = k, = k, = k; = 0, in which case we have the 
simpler expressions 











in 2k; sinh d cos ¢ 
cosh? \ — cos? p’ 
tere 2k; cosh X sin p (649) 
cosh? \ — cos? yp’ 
¢ = 2ke . 
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The corresponding solutions for the A’s are 


2k; sinh d cos p 
Ar = ee , 
V cosh? \ — cos? m 





— 
on 
o 
wi 
(eo) 
a 





2k; cosh X sin p 
A, = = ag a ne a - +. 5] 
V cosh? \ — cos? vo 
| 
A, = 2ke sinh) sin yz. } 


Corresponding to the solutions (649) and (650), we have 


k y ’ 
Bix, y, 2) = B(< + y’,2-— i tan“ =}. (6051) 
6 x 
If the helical symmetry about the z-axis degenerates into a simple 
axial symmetry, then k,; = 0, and we have 


a ee A, = 2ke sinh) siny. (652) 


If, as in § 24, we consider the special case in which the principal 
axes of the velocity ellipsoid are assumed to be along the principal 
directions at the point considered, then we have (cf. Eq. [615]) 


—(A — B) sin psing = —ik,; sin p sing, 
—(A — B) sin p sin g = —iki; COs Pp COS G — 4ikiz , 
1C(cos p — cos q)? = iki; COS Pp COS Gg — Zikis + 20Ki7 | 
+ fikw(cos p — cos q)’.) 


In terms of the variables \ and y» we find that equations (653) are 
equivalent to 


(A — B)(cosh? \ — cos? ny) = a;(cos 24 — cosh 2d), 
(A + B)(cosh? \ — cos? uw) = a,(cos 24 + cosh 2A) + 2a, 
—C sinh? d sin? wp = —do 
+ a,(1 — cosh 2X — cos 24) — c sinh? d sin? yp, 


( (654) 
| 
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where we have written 
do = — 20K; 20; = — tks ; Co =? ig (655) 
From equations (654) we finally obtain 


cb(cosh? X — cos? uw) = do + a; COS 2n, | 
B(cosh? \ — cos? uw) = a, + a; cosh 2d, 


- 
~ 


> 
il 


i (656) 
C sinh? \ sin? w = ay — a,(1 — cosh 2X — cos 2p) 


+ c, sinh? d sin? yp. 


fot 
ry 


If A., Mo, and N, are the components of the motion of the local 
centroid along the principal directions at (A, u, v), then for the case 
under consideration 

aA, = A, = —V cosh? X — cos? Lu ‘ 

bM, = A, nV cosh? \ — cos? , : (657) 
cN, = A, 


¢ sinh A sing, 


/ 


where &, n, and ¢ are given by (648). If we assume that the axis of 
helical symmetry of ¥B coincides with the z-axis, then, according to 
equations (650) and (656), we have 


2k; sinh X cos p 

















Ay = ; _- : 
(do + a; COS 24) V cosh? X — cos? uw 
. | 
2k, cosh A sin pw 
M, = — — a , » (658) 
(do + ad; cosh 2A) V cosh? X — cos? uw 
— 2ke sinh X sin uw 
"dy — ai(4 — cosh 2X — cos 24) + co sinh? d sin? p ” 


If we now introduce the further assumption that 8 has an axial 
symmetry about the s-axis, then k; = 0, and we have 


Nee) "(9 ) 


No = 





2ke sinh X sin pu ) (659) 
dy — a:(1 — cosh 2A — cos 2u) + ¢ sinh? X sin? ‘| 
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Equation (659) implies that the differential motions are now of a 
purely rotational kind. 
Finally, if we consider systems with prolate spheroidal symmetry 
characterized by 
OY O8 da 


= 10 ° Dr tO, (660) 


Ov (On 


then, as in § 25, we find that a, = 0, and 


e 


ag = § = constant = «4, , 


(661) 
C = ad) + c sinh? d sin? pw. J 


Further, we have 


2ks sinh X sin p 


ae —. (662) 
do + Co sinh? d sin? ’ 


Ps On 1 Deo tie No = 


VII. CYLINDRICAL CO-ORDINATES 


28. The fundamental equations in cylindrical co-ordinates. lf we 
choose a system of cylindrical co-ordinates, (@, 9, 5), in defining the 
fundamental frame of reference, we can let 


A = a; p=0; p=. (663) 
Further, we have, as definitions, 
x = @ Cos 0; y=osin@é; s=2. (664) 
For this choice of co-ordinates 


P = 1; ) = w} Reo 2. (665) 


on 
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The fundamental equations (I), (II), (III), and (IV) now take the 


forms 

Oa aa 
Fala a) 
Ob 

a9 + 2h=0, (11) 
Oc wa 
re =o (111) 
Oz 


oh Oa 





20 — — — 2h=o0, (iv 
" Ow 06 ) 
Og Oa 
pO oe v) 
Ow OZ 
1. 
Oh 4 Ob (1 (yj (I) 
2 ) — 2(b — = Oi, 
20 w aa a) fe) v1) 
of - Ob us ( les 
2 29 @ ae 22 =0, vl) 
Ao VC eee 
Pil ae Mes =O, (vill) 
OS OW 
OF 1 ee fe) 
2 — =O P 1X 
7 ae 00 
. oF . a _ Oh 
pas ae ’ = x 
/ (oof 4 oF + ao) Oo, (X) 
OA, 
a (1) 
OW 
OA, 
—— A = 6 (il 
rele) + ) 
OA, wus 
—— = 0 (in) 
O3 
(II,;) 
OA, OA, 
y—— —-—A,=0 1V 
i Ow * 06 ON) 
OA, _ OA, (v) 
— )— = 0, Vv 
06 ' ” és 
OA, OA, Mt 





Os Ow 
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OB A, dB ay 
ee oS ee, I, 
' 0@ . w 06 > Oz ; v 
and 
P ay Ox 
1 7 g a a= 
; “ Ow 0@ 
; 1 0M I I Ox 
h b / st meee = a A (IV, 
@ 06 2] w 00 v 
: Oy Ox 
g Fit ee ee 
: Os OZ 


29. The solution for the coefficients of the velocity ellipsoid” We 
shall first consider the system of equations (I,). A simple examina- 
tion of these equations reveals that 


a is quadratic in z and independent of @ , 
b is quadratic in z, 
c is independent of < , 
ayes : (666) 
f is linear ins, 
g is linear in z and linear in @ , 


h is quadratic in z and linear ino. 
According to (666), we can write 
h i h,(0, z)@ + h,(0, 2) (667) 
and 
c= {g.(0)2 + g.(O@)\a + g,(0)2 + g,(8) . (668) 


Differentiating (vi) partially with respect to @ and using equations 
(i) and (ii), we find, after some simplifications, 


‘yh; _ Oh 
: . + 4h — 30 zed = 0; (669) 
Of? Ow 


or, using (667), we have 


_ (eh, 0h, _ F 
a(S +h.) + (Se + 4h) = 0. (670) 
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Since /, and h, are both independent of @, we should have 


07h, 


Oh, 
Oe +h,=0; ry + 4h,=0, (671) 
or 
h, = hs(z) cos 20 + ho(z) sin 26 2} ee 


where /,, /4,, #;, and /i¢ are functions of z only. According to (666), 
these can be general functions quadratic in zs. We can therefore 
write 


hy, = Rno + hus + fins?” (n — 3 4; 55 6) ’ (673) 
where /140, 
stance. 


+ & # 6% 


hy, are all constants, arbitrary in the first in- 
From equations (iv) and (667) we find 

Oa 

=~ = 2h;, 6 

ry (674) 


or, according to (672), 


Oa 3 
=~ = 2h, cos 20 + 2he sin 20. (675 
00 " 
Hence, 
a = hz sin 20 — he cos 20 + a,(z) , (676) 
where, according to (666), we can write 
a,(z) = Aro ob Qy1S + Gast ; (677 


Gyo, 4y1, and a,, being constants. 
From equations (ii), (667), and (672) we have 
Ob 


ane 2(h; cos 0+ hy sin 0) &@ — 2(h; cos 20+ he sin 20), (678) 
c 
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or, integrating, 
b = —2(h,; sin 0 — h, cos 0)a — (A; sin 20 — he cos 20) + b,(a, 3). (679) 


Substituting for /, a, and 6 according to equations (667), (672), 
(676), and (679) in equation (vi), we find, after some minor reduc- 
tions, that 


_ Ob 
@— — 2b,+ 2a,=0. (680) 
Ow 


Equation (680) can be integrated as it stands. We have 
b, = b.(z)a? + a,(z) , (681) 
where, according to (666), we can write 
b.(z) = bi + baz + 52227. (682) 
According to equations (v) and (668), we have 


Oa 
2(g.2 + g:) = ——; (683) 


OZ 


or, substituting for a according to (676), we have 


20:5 + 2g. = —(As: + 2h522)sin 26 + (her + 2h622)c0s 20 


(68 
aes (dir + 20322) oi ; 4) 


Equating the terms which occur as coefficients of s and those which 
do not involve z, we have, respectively, 
g: = —hs. sin 20 + he, cos 20 — ay, (685) 
g. = —3h,, sin 20 + 3h6, cos 20 — 4a. (686) 


Consider next equation (viii). According to (668), we have 


dc 2 
= = —2(g.m + 83) ; (687) 
Ww 
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or, integrating and substituting for g, from (685), we have 
c = (hs, sin 20 — ho, cos 20 + ay.)0* — 2g,;0 + ¢,(0), (688) 


where c, is a function of @ only. We have already seen that c is 
independent of sz. 

Differentiating equations (vii) and (ix) partially, with respect to 
s and 6, respectively, we have 








orf . 0b Og 
2 — 2—=0 68 
0200 - 02? Os ( 9) 
and 
. 07C 
2 : =O. ¢ 
” 50a2 | 0 ° (age 


Combining equations (689) and (690), we have 


07 .. &d . Og 
women Sih gas ose 20 —; 691 
Oe? ” 03? + 98 Os 699) 


or, substituting for c, b, and g, we have 





. 7 _ 1? 7 1? = 
—4(hs, sin 20 — he, cos 20)? — 20 + ae | 
r : - s > (692 
= w|—4(h;. sin 6 — hy, cos 0)@ — 2(A;2 sin 20 — he: Cos 20) + 202.0? + 2412} | (692) 
+ 207(—h,, sin 20 + he, cos 20 — diz) + 20g; . } 


From equation (692) it readily follows that 


hj; = ly = by = 0 (693) 
and 
8 = — 4; a =0 (694) 
Irom (694) we have 
2; = 7:cos0+y, sin 6, (695) 
Cr = Co + Cn. (696) 
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According to (666), f is linear in s. We can therefore write 
f = fila, 0)2 + f.(a, 6) . (697) 


From equation (ix) it follows that 
Oc 


36 : (698) 


20fr = 


or, substituting for c according to equations (688), (695), and (696), 
we find 


fr = —(h;, cos 20+ fez sin 20)a — (1 sin 6 — y. cos 6) — pi . (699) 
2@ 


Differentiating (x) partially with respect to s, we have, according to 
(697), 
07h 


- Of: 
= 02? 


: 6) 
jr =o do + 0 (gia + g;) + 


(700) 





On substituting for f;, g:, g,;, and / in the foregoing equation, we 
find that 


C1 = 0. (701) 


Differentiating equation (x) partially with respect to @ and using 
(vii), we have . 








_ Ob . _ Ob O°g _ 0h 
> + 2 —|—w — — 2g 2" + 20 —— =0, (702 
” 02 Bs da Ow ( ” 82 s) T Oe vee 0200 m Tee 
or, simplifying, 
_, 0b _ Og 0°g _ Oh 
Be ALG ae en 2 20: 703 
_ OW0Z ” 0a T Of? + ae 0200 (703) 


On substituting for 4, b, and g according to equations (667), (668), 
(672), (679), (681), (685), (686), and (693), we find that we are left 
with 

dey _ 


76: (704) 


— 2b2w + 2g, + 2 
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Hence, 
e i ‘ 
bn = 0 sar tae ee (705) 
Thus, 
£, = ¥; cos0+ y, sin 6. (706) 


From equation (vii) we now obtain, after some reductions, 


Of, . J : 
Of: w*(h;, sin 6 — hy, cos 6) + a(hs; sin 26 — he: cos 26) 


i + (707) 


— (y; cos 0+ ¥, sin 8) , | 
or, after integration, 


fz = w*(—hs, cos 6 — Ig sin 8) + 2(—As: cos 20 — her sin 26)a | 
2\— _, } (708) 
— (y; sin 6 — y, cos 6) + f;(a) , | 


where f; is a function of @ only. Finally, from equation (x) we find 





that 
_ df 
f=ak, (709) 
aw 
or 
fs = fro@ - (710) 


We have now determined all the quantities in terms of @, 0, and s. 
Collecting our results, we find the solutions in cylindrical co-ordi- 
nates for the coefficients of the velocity ellipsoid to be 


a@=h, sin 20 — he cos 20+ a,(z) , 
6 = —2(h, sin 0 — h, cos @)a — (As sin 20 — he cos 26) + bow? + ai(s) , 
(hs, sin 20 — ho, cos 20 + ay2)@? — 2(y;, cos 8+ ¥2 sin AO + Cw , 


\ 
| 
| 
| 
| 


c 

f = — (Az. cos 20 + he: sin 20)a + (7: sin 8 — y2 cos 6)}z 
— (hy, cos 8+ hy sin 0)a? — 3(hs: cos 20 + he: sin 20)a (oa) 
— (7; sin 6 — y, cos 0) + fro , | 

g = {2(—h,. sin 20 + he. cos 20 — ay.) — $(hs: sin 20 — Ito: cos 20 + ax)} @ | 
+ (y: cos 0+ y. sin 6)z + y; cos 0+ y, sin 0, | 


h = (h; cos 6+ hy sin 0)@ + (hs cos 20 + he sin 26) , 
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where 
h; = hy + hy, ) 
h, = ho + haz, | 
hh, = Nyo + ligt + hy22? , | (712) 
he = hoo + hers + he22? , | 
dy = io + Qun3 + G22? . J 
The coefficients, /3,...., 4:2, together with 7,, Y., Y3, V4 20, 


Ci», and f,,, are the twenty constants of integration. 

30. The solution for the motions of the local centroids..-We shall 
now consider the six equations (II,) for the A’s. A simple examina- 
tion of these equations reveals that 

A, is independent of w and linear in z , 
A, is linear in @ and linear in z , (713) 


A, is linear in » and independent of z. | 
Further, from equations (i) and (11) we obtain 


7A, 


0000 — 


(714) 
Differentiating equation (iv) partially with respect to @ and using 
equations (ii) and (714), we are left with 
07A, ; 
ae To =e. (715) 
Remembering that A, is linear in s and independent of w, we can 
now write, according to (715), that 


A, = (az + B:) cos 0 + (a,2 + B,) sin 0, (716) 


where a,, a., 8,, and 8, are arbitrary constants. From equation (ii) 


we now obtain 


OA, 


a —(a:z + B,) cos 0 — (a.z + B:) sin @, (717) 
E 
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or, after integration, 


A, = —(a:2 + B:) sin 6+ (a.2 + B.) cos 0+ 6:(@, 2). (718) 


Similarly, from equations (vi), (713), and (716) we obtain 


A, = —a(a,; cos 0+ a, sin 6) + 6,(0) . (719) 


S) 


Substituting for A, and A, according to equations (718) and (719) 
in (v), we find 
do, . 08; 


dee tas oe 


Since 6, is independent of @, it follows that 


dé, 06, 
—=0; —=0, (721 
dé 02 (723) 
or 
6; = constant = q (say) ; 6, = 6,(@) . (722) 


Finally, from equations (iv), (716), (718), and (722), we obtain 


_ db; R 
Ww esa = 03, (723) 
da 
or 
62 = po, (724) 


where p is a constant. We have now solved the six equations (II,). 
Collecting our results, we have 
A, = (a,z + B,) cos 6 + (a.2 + B:) sin 6, 
A, = —(aiz + B:) sin @+ (a.3+ B:) cosO+ pa,? (725) 
A, = —a@(a, cos @+ a,sin 6) +q. ) 


As in the previous cases, we see that the solution for the A’s involve 
six arbitrary constants of integration. 
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31. The discussion of the potential.—According to (III,), the linear 
partial differential equation for ¥ is 


aw A, a& ay | 
A, = == hee A, —=0. 72 
aca 7 a (726) 


We shall first consider the case in which the z-axis is an axis of 
symmetry for ¥. Then 








Ay ( 
aida: 727) 
and equation (726) reduces to 
ay ay 
‘on * = a (728) 
From equation (728) it follows that 
A, 2z(a,cos 6+ a, sin 0) + B, cos 6+ 8B, sin 0 
i (729) 





i —&(a; cos 8+ a,sin 0) + q 


should be independent of 6. We readily verify that the expression 
on the right-hand side of (729) can be independent of @ in one of the 
two following ways only: either 


g=0; Br _ 
ay 


= —2, (say) (case [i]), (730) 


or 


| 
a 
II 


gq#o; a; = B, = B2 =o (case {ii]). (731) 


Consider first, case (i). According to equations (725) and (730), we 
now have 


(z — 2)(a; cos 6+ a, sin 8) , 
z — %)(—a, sin 8+ a, cos 0) + pa, ) (732) 


—a@(a, cos 0+ a, sin 4). 


A; 
A, 
A; 
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Equation (728) now reduces to 


ays _ dB 
(z —= $6) 2 OS eee. 
Ow OZ 


The Lagrangian subsidiary equations for (733) are 





da — dz 
Z— LB @ 
Integrating (734), we have 
w? + (s — z)? = constant. 


Hence, for the case under consideration 


Bio, 0, 2s) = Bla? + (s — 2)?}. 


(733) 


(734) 


(735) 


(736) 


Equation (736) implies that the system has a spherical symmetry 
about the point (0, 0, )). Case (i) thus reduces to a problem we have 


already considered in Part V. 


Considering next case (ii) (Eq. [731]), equations (725 


simplify to 





A, =0; A, = pw ; A; = q 
Equation (728) now reduces to 
Oy 
Os 
Hence, either 
dB 
=o or =o. 
02 q 


The two subcases to which (731) leads are the following: 


IB aB «dB 
00a da 





in which case 
A; =0;3 A, = pw; 


now 


(737) 


(738) 


(739) 


(740) 


(741) 
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and 
EDS Os AaB 
oe a a, 742) 
in which case 
a, =0.: A, = pa; A;=0 (743) 


Equation (742) corresponds to the general case of axial symmetry. 
Returning to the general case, we have already shown in Part IV 
that stellar systems with differential motions must necessarily be 
characterized by an axis of helical symmetry. Let us choose the 
z-axis to be the axis of helical symmetry. For this choice of the 
s-axis, a, = a, = 8, = B, = 0. For the partial differential equa- 
tion of ¥ is then 
dB AY } 
ee ha (744) 


The corresponding Lagrangian subsidiary equations are 


dw dé dz 
a > é (745) 
Hence, 
Bio, 6,5) =B (, 3 0) : (746) 


in other words, % has a helical symmetry about the z-axis. If g = 0, 
we get stellar systems with simple axial symmetry about the z-axis; 
this agrees with equations (742) and (743). For the general case of 
helical symmetry about the z-axis we have 


a A, = pa; 4,= 4. (747) 


The similarity of the foregoing solution (741) with those obtained in 
spheroidal co-ordinates (cf. Eqs. [608], [610], [650], and [652]) 
should be noticed. 

32. Stellar systems with OB, 00 = 0B, dz = o.—<According to equa- 
tions (740) and (741), for this case, we have 


A,=0; A, =pw; A, =q. (748) 
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Further, the compatibility conditions (IV,) reduce to 


dys me I Ox 
do 2 dw’ | 
dy I Ox 
ha —- = —--—,) 
da 2 00” | (749) 
dB 1 0x | 
da 2 02 | 


The equations (749) lead to the following integrability conditions: 


0 dB 0 ha dds 
fr = 1) —— cl 
00\° da Ow = da 


| 
| 
| 
| 
| 








0 ha dy 0 ( dB 
‘a A= Sar a a ae ee ? c 
OZ - dw dé 5 da | (750) 
7) dB a dB 
ee ear t — —— 1 = « 
Ow & da az\° da | 
Equations (750) are readily seen to be equivalent to 
Oa _ Oh h dB - PB | 
00°” Oe da da’ | 
| 
Oa Og dB _ ys 
02 da) da 6 da ’ ( (751) 
_ oh _ Og 
“82 30° | 


We shall first consider the case when the equations (751) are identi- 
cally satisfied. This will be the case if and only if 
Oa Oa 
h=g=0; ae ee (752) 
According to (752) and the general solution for the coefficients of 
the velocity ellipsoid obtained in § 29 (Eqs. [711] and [712]), we 
now have 
a = dy; b = Ayo + dw? ; C = Cro (753) 








126 S. CHANDRASEKHAR 


and 
f = fro ; h=g=o0. (754) 


Equations (753) and (754) imply that one of the principal axes of 
the velocity ellipsoid is in the radial I-direction; in other words, 
there is no deviation of the vertex in the radial direction. There is, 
however, a deviation of the vertex in the transverse plane. (See 
Fig. 2.) If e denotes the angle which a principal axis in the trans- 








~ 
~ 
Tine 
~ ra 
“Wik © 
~ MQ 
sa 
i |p 
\ 
| 
' 
T y 
= 
~ i} 
“. I 
~ 
as ! 
Nig ae 
cay 
x 
FIG. 2 


verse plane makes with the positive transverse 0-direction, then € is 


given by 





tan 2€ = met (755) 


b-—c 
or, according to equations (753) and (754), 


2f oo 7 
(dio — Cro) + bw?” (756) 





tan 2€ = 


Let II,, 8,, and Z, denote the components of the motion of the 
local centroid along the principal directions at (@, 0, z). Then, ac- 
cording to the definition of the A’s and equations (748), (753), and 


(754), we have 
dll, = Ar = 0, (757) 


(dio + b.9@*) Oo + fo@Zo = A,= pow ’ (758) 
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and 
sO. + CreZo = Ay = q. (759) 


Solving for II,, @., and Z,, we have 


II,=o0, } 


@(CroP = F309) 
Cro(Aro + B20t2) — foto?” } (760) 
(dr + b.@?) — fro pa? | 
Cul dee + ba") — fo? s } 


Oo = 








Zo = 


Equations (760) show that, although there is no component along 
the radial direction for the motion of the local centroid, we yet have 
motions in the transverse and in the Z-directions. 

We shall now consider if there are other special forms for B(@) 
for which the conditions (751) are satisfied. 

Using equations (667) and (674), the first of the equations (751) 
can be transformed to 


2/2. oe (761) 
di?/ da w(hw+h,)° 








Using equation (v) of (1,), the second of the equations (751) can 


PBS /dB Og 
m/e = 3 58/s. (762) 
da da 0a 


Finally, when we use the general solutions for # and g obtained in 
§ 29, the last of the equations (751) becomes 


be reduced to 





(hs, cos 8 + hy, sin O)a@? + { (As: + 2h522) cos 20 + (her + 2h622) sin 20}a 
= {2(—2h;, cos 20 — 2h6, sin 20) — (hz: cos 20 + hex sin 20)}a (763) 
+ (—y: sin 6+ y. cos 0)z + (—y¥; sin 6 + y, cos 6). 


From equation (763) it readily follows that 


hs, = hy, a hs = Nex = hs, — Nez es = la = te = Va = Se (764) 
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According to (764), the solution for the coefficients of the velocity 
ellipsoid now takes the simpler form 


a = hy sin 20 — Igo COS 20 + dy + Gu13 + 1237, 


b = —2(hy sin 6 — hy cos A)oa — (hz sin 20 — Igo Cos 28) 


+ b9@? + Cio + Ay + das" 9 





¢ => 120)? ate Cio , 
f = fro ; (765) 
4 == (—dy22 an 411) @ , 
h=hoth, = (hy cos 0+ hy sin 0)e | 
+ (hz, cos 20 + Igo sin 20). 
Using (765), equation (762) takes the form 
PY 3 dy 
= = <2 : ss (Gir, dy2 Zz oO) . (766) 
da? @ da 


On the other hand, equation (761) requires that the right-hand side 
of (761) should be independent of @. This can be arranged in one of 
two ways only: either /, = 0 or #, = 0. These two cases yield, 


respectively, 


> 
Pa 
S 


1 dB 











— = —; k, =.0 (case lil) (767 
dos? w dw | | 707) 
and 
as 2 dB a . 
— = — > =; h,=0 (case |ii]). (768) 
dw w da 


From equations (766), (767), and (768) it follows that for either 
of the cases (i) and (ii), g = o. Hence, the two possibilities which 
arise in this way are 


dy ; 
yy = = Kiso = Bus =0,; 7. = constant w (769) 
aw 
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and 


dB constant 
Gi. = Gi: = Bee = he, =0 } ~ = . (770) 
da wo 





Finally, a third case arises when g # 0 but # = o. Then, according 


to (700), 


Ys 2 AY ris ; 
sili sath hm kn =a, gabe (case |ili]) ; (771) 
da w dw 


in other words, for case (ili) 


d¥s——s constant 





hyo = hy = ho = hen = 0 | —_ = -- 
da ws 
From (705) we can now write down the solutions for the coefficients 
of the velocity ellipsoid for the three cases (769), (770), and (772). 
They are: 
a = hz, sin 20 — Ign COS 20 + dy , 


b = —(hg sin 20 — Igo CoS 20) + b,,0? + di , 
case (1) (773) 


C= Cho ; f = foo ; g = Os 


h = h., cos 20 + Ito sin 20, 


a= diy , | 
b = —2(hy sin 0 — hy cos 0)@ + byw + aio, | 7 
; cs case (11) (774) 
6 = 60% ft = fo; g=0, 


h = (hy cos 6+ hy sin A)a , 


and 

@ = dy + dud + 1227, 

b = dy + dud + die? + byw , oe 
C = Gy," + Cr 5} f = fyo® 5 h=o,| case (ili) (775) 
g = —(a.23 + ddn)a. 


For these three special cases the motions of the local centroids are 
of a general kind. Further, we have illustrations here for the general 
phenomenon of the deviation of the vertex. This completes our 
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enumeration of the different possibilities for stellar systems which 
are characterized by 


ays ays 
00..~—sOos 


=OoO. (770) 


33- Stellar systems with OB 00 = o.—According to equations 
(742) and (743), for this case we have 


a I 
“I 
~ 
~~ 


A, =0; A, = pw ; A,;=0. ( 


The compatibility conditions (IV,) now reduce to 


Ay Oy I Ox 

i Ro es ae tare eng 

Ow Oz 2 Ow | 

| 

AB Oy rT Ox | 
ieee + | 178 
0@ ae Oz 2 00 (778) 

ay Oy I Ox | 

i. +6 = S| 

Ow OZ 202 | 


The equations (778) lead to the following integrability conditions: 


0 ays ays ra] _ ay ~ A 
—- ——- C =; ho oa a —— : 
06 (. Ow T 8 = Jw ( Ow + fs Oz 


d Ay Ay a[/ das IB | 
—= he => +e; _ ( se = 770, 
OZ ( * 0a + fs Oz 00 8 Ow T oz)’ | (779) 


0 ays Ay 0 ays Ad | 
en (ye Cz = Se ‘Soo : | 
0@ (« Ow + = Oz Ow T 8 ) 


On carrying out the necessary differentiations and using (I,), we can 
simplify the foregoing equations to take the forms 


_ dh\ OB. Af  dh\ dB _ PY _ PB 
h— 30 — — — 6(224+% = = ia + fo a (780) 
OZ Ow? OwWdZ 


da) da - “da | 02) 02 





1 


Og _ Oh\ AB : of Ay - a7 _ Py 
—— — @— ae oe on 
06 OZ 








, (781) 


ee ee ee aoe 
OW Oz OZ OWOZ . OZ 








Og OB Og 0S 07 07M Ys 
3 md tae £8 A =e ( a Tae of (a = c) eee - (782) 
Ow Ow OZ O02 O02? Ow? OWOS 
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The general discussion of these equations is likely to be a difficult 
mathematical problem. We may notice, however, certain special 
solutions: 

i) With no restriction on B(a@, z), equations (780)-(782) are satis- 
fied if 


f=g=h=0; asc. (783) 


According to the general solution for the coefficients of the velocity 


ellipsoid obtained in § 29, we now have 


ad = Ay ;} b = dio + dw? ; C= dp. (784) 
From equation (777) we now obtain 


po ' 
Il, = 0 ; 0, 8 ee ae ’ 40 =O. (785 
Uy + b 9a? ‘ 5) 
This is the Oort-Lindblad case. 
ii) In case (1) the II and the Z axes of the velocity ellipsoid are 
seen to be equal. This restriction can be avoided if 
OY 


Pn x: 28¢ 

OWOS . (786) 
The integrability conditions (780) (782) can be satisfied if f = g = 
h = o. We then have 


d = dp } b = dw + byw? ; C = Cy. (787) 


? 


Equation (785) continues to be valid for this case. 
34. Spheroidal systems.—As a special case of stellar systems with 

axial symmetry, we shall consider the case where the equipotential 

surfaces are a series of concentric spheroids.*’ This implies that 


BW(o, z) = Br), (788) 


22 This case has been considered by Lindblad, among others (cf. Bergstrands Fest- 
schrift, p. 16). 

23 This case is, therefore, different from the one considered in § 25, where the equi- 
potential surfaces were assumed to be a series of confocal spheroids. 
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where 


r = $(@? + az?) = 3(x? + y*? + a2’), (789) 


where a is an arbitrary real number.’? When & has the form (788), 


we have 


aw. dB ay dQ | 
me ae) Oe 799) 
and 
yey dB as | 
ae ae 
ay ds. a | 
ae ae OO ae (791) 
PY . &Y 
a OR’ | 


Substituting (790) and (791) in the integrability relations (780) 
(782), we find 


_ oh of Oh\ dB eee . Ys 
30 = + 202 ==> + az = —w(hw + azf)—— , (792) 
Ow Ow Oz) dr OT 


dg _ oh 4 f \dB : _ €B 
<e — @— — 3a: = - a/)} = ax(ha + azf) =, (793) 
: “pdt “* FF 


_ Og Og dM 
30 — — 208 “8 = la = i]g = 

Oa . Os dr | 

LX (794) 
= (a’2’g — wg + [a — claws) —. 

af | 

Before we proceed to the general discussion of the foregoing equa- 
tions, we shall first consider the case where 


VB , 
oD, (795) 
dr 
or 
9 = constant + constant (a + az’). (796) 


4 In practical cases a > o. 
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(¥ has therefore the same form as the expression for the potential 
inside a uniform spheroidal distribution of mass.) For this case the 


integrability conditions reduce to 


Oh af oh 


3@ == + 2a + + az— =0, (797) 
Ow Ow OZ 
Og Oh of : 
~ _ jI—_— os 2 3 — —_ = 8 
00 Os . Oz " we (79 ) 
_ Og Og . : 3 
3W <= az <5 —(a— i)g= 0. (799) 
OW Os 


We shall first discuss the foregoing equations for the case a # 1. 
(The case a = 1 will be considered separately.) 
Consider first the equation (799). Since (cf. Eq. [668]) 
g=(g2:+g)o+g2+8,, (800) 


where g,, g., g;, and g, are functions of # only, we have 


30(g13 + g.) — 3a3(gim + g;) 
‘ ( (Sor) 
— (a — 1)[(gis + g.)m + g,3 + g,] = 0.) 


Equation (Sor) is readily seen to be equivalent to 
4(1 — a)g.iwe + (4 — a)gw — (4a — 1)g,5 — (a — 1)g,; = 0. (802) 
Since a # 1, we should have 
B=h8=0; 4-—ag.=0; (4a—1)g,=0. (803) 
According to equations (685), (686), (695), and (706), we now have 
he, = he = dn = ¥3 = ¥4 = O (804) 


and 
(4 — a)(hy, sin 20 — he, cos 20+ aun) = 0, 


(805) 
(4a — 1)(y: cos 8+ ¥, sin @) 


ll 
e) 
Te 
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From equation (797) we obtain, on using the general solutions for 
the coefficients of the velocity ellipsoid obtained in § 20, 


3(hxo CoS 8 + My sin A)@ + 2afy~2 + 3(1 — a)h;.as cos 0 ) 
. ieee: > (806) 
+ 3(1 — a)hyws sin 0 = o.f 
Hence (since a # 1), 
hyo = Ny = foo = hy = hy =O. (807) 


Similarly, from equation (798) we obtain 


(3a — 2)(h;, cos 20 + he, sin 20)@ i? 
: (808) 
+ (4a — 1)(y:1 sin 6 — y. cos 0)z = 0 e 


or 


(4 — a)(hs, cos 20 + he, sin 20) = 0, ) 
ae ? (809) 
(1 — 4a)(y; sin 6 — y. cos 6) =o.) 


%» ; o oO > © : ~ 2 2 = 2 € 2 Ta © TO 
C - , , +] ] 
Combining equations (804), (805), (807), and (809), we have 


hyo = Ny = Ny = Iye = yz = hor = Qi = fo = ¥3 = V9 =O, (810) 


(4 — a)hyy = (4 — alka: = (4 — alan =O, (811) 
(4a — 1)¥1 = (4a — 1)¥2 = 0. (812) 


From the foregoing equations it follows that we have to distinguish 

between the cases (i) a ¥ 1, 4, or }; (ii) a = 4; and (iii) a = }. 
Case (i).-From equations (811) and (812) we have (since a # 4 

or }) 


Ris = he: = dy — Y1 — V2 =O. (813) 
Hence, in the general solution (711) the only constants which do not 
vanish are Js, Miso, Gio, O20, ANd Cy. The solution for the coefficients 
of the velocity ellipsoid for this case is therefore given by 


\ 


a = hy sin 20 — he cos 206+ aw, 
b = — fy sin 20 + hoo Cos 20 + dw + be , | 
(814) 
C = Cro; f=g=0, 
h = hy cos 20 + ho sin 26. | 
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We thus see that there is a deviation of the vertex in the I[6-plane. 
If « denotes the angle which the vertex makes with the I-direction, 
then, according to equation (814), we have 


2(Isy COS 20 + Mg sin 26) 


. —, 8 ~ 
2(Aso sin 20 — hey cos 20) — b, 0 (815) 





tan 2€ = 


Considering next the motions (II,, 8., Z.) of the local centroids, we 
have (cf. Eq. [777]) 


all, 4 hO, = Oo , 
hil, + 60, = po, > (816) 
CLs =O. 


Hence, the motions of the local centroids have no components in 
the Z-direction. 

Case (ii).-For this case a = 4. Hence, according to equations 
(811) and (812), 


¥: = 2 =03 hes, Ité:; Gun HO. (817) 


The solution for the coefficients of the velocity ellipsoid for this case 
can be written down from the general solution (711). We have 


a = (Ago + Agi3) sin 20 — (Moo + Merz) COS 20 + dio + Guz, ) 
b = — (hyo + giz) sin 20 + (hoo + hors) cos 20 + dro | 
+ duz + byw, | 
C= Cw, (818) 
f = — d(hs, cos 20 + he: sin 20)@, | 
g = — 3(hy, sin 20 — ho, cos 20+ ay )o, | 
h = (hyo + hs1z) cos 20 + (hoo + hors) sin 20. | 


The motion (II,, 0, Z,) of the local centroid is given by 


all, + hOo + gZ, = 0, | 
Ail, + 60, + [Zo = pa, (819) 


| 


gil, + f®% + CL, = 0. 
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I 3 


The differential motions in this case are therefore of a quite general 
kind. In particular, the motions of the local centroids have com- 
ponents in the Z-direction as well. 

Case (iii).-For this case, a = }. According to equations (811) 
and (812), we have 


hs; = hex — dir = oO. Y15 Y2 a os (820) 


From the general solution (711) we now obtain 


Kes 
b = —hgw sin 20 + Moo COS 20 + diy + bya, | 


a sin 20 — Ite, cos 20 + dy , 


c = —2(y, cos 9+ y, sin 0)a + cy, 
(821) 
f = —(y: sin 6 — y. cos 6)z, | 
; | 
g = (y: cos 9+ y, sin @)z, | 
h = hy cos 20 + ho sin 20. } 


The components of the motion of the local centroid II,, ®,, and Z, 
are given by equation (819) with a, b, c, f, g, and / defined as in 
equation (821). 

The analysis has thus disclosed the existence of two critical cases 
(a = 4 and a = 4) when the potential & has the form (796). More 
explicitly, the expressions for B for these two cases are 


s 


_ 


= constant + constant(@? + 427) (822) 


(= 


and 


ca 
=> 
s- 


I 


constant + constant(@? + js’). (823) 


; 


As we have already pointed out, the expression for the potential 
inside a homogeneous spheroid has the form (796). The constant 
a in (796) should therefore depend only on the ratio of the axes, 
x, of the uniform spheroidal distribution of mass. From the known 
expression for ¥ inside a homogeneous spheroid’s we readily find that 
the relations which determine x in terms of a are 


a=—— (824) 


25 See, e.g., E. J. Routh, A Treatise on Analytical Statics, 2, 106-116, Cambridge, 


England, 1922. 
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where J is a numerical constant related to « by the relations 


K? K? 4 as 
pie tae es tan | - 
1" 323 Bag ee ee 


ne ae fo ee _— 
v , + (1 = x?) 3/2 log (. r “if ') (kK < 1) ° (826) 


From the relations (824) and (825) we find that, when a = 4, 
o = ¢; em AIO. 65's (827) 


The critical case a = 4 arises, therefore, for stellar motions inside 
an oblate homogeneous spheroid which has its major axis (about) 
3.410 times the minor axis. (A cross-section of this critical spheroid 
is shown in Figure 3.) It is of interest to recall in this connection 





Fic. 3.—The critical oblate spheroid 


that observations seem to indicate an upper limit to the eccentrici- 
ties of elliptical nebulae. Indeed, according to Hubble,” ‘they |[el- 
liptical nebulae] range from globular objects through ellipsoidal 
figures to a limiting lenticular form with a ratio of the axes about 
3 to 1.’ It is probable that the critical value for the ratio « = 
3.410...., which, we have found, is in some way connected with 
the upper limit for the ratio of the axes for elliptical nebulae. The 
plausibility of this suggestion rests chiefly on the circumstance that 
fort <x < 3.410.... there are no motions of the local centroids 


2» The Realm of the Nebulae, p. 39, New Haven, Yale University Press, 1936. 
p- . ) x 
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perpendicular to the galactic plane, while such motions appear sud- 
Genly for'« = 3,410. .... 
Considering next the case a = }, we find 
from equations (824) and (826) that for this 
value of a 


v=; i PO FERR s 6 6 58 (828) 


In other words, the critical case a = } arises 
for stellar motions inside a prolate homoge- 
neous spheroid which has its major axis 
(about) 3.183 .... times its minor axis. A 
cross-section of this critical spheroid is shown 
in Figure 4. 

The motions inside the two critical homo- 
geneous spheroids have a certain general simi- 
larity. In particular, in both the cases the 
motions of the local centroids have compo- 

Fic. 4.—The critical nents in the Z-direction. However, the two 
prolate spheroid. , me : 
cases are really fundamentally different, as is 
apparent when we compare the solutions for the coefficients of the 
velocity ellipsoid for the two cases (Eqs. [818] and [821]).?7 
We shall now return to a general discussion of the equations 
(792)-(794). From (792) and (793) it follows that 


_ oh of oh ) 
az( 3a —— + 2a2 Ba + az —— | 
Oo Ow O03 | 

, — (829) 
._{ 0g < oh Mi of  —— ( 
ae ge. Pg ee ees 
Substituting for f, g, and / in (829), according to the general solution 
obtained in § 29, we find 


(a — 1)(hy, cos 8 + hy: sin 0)a3 + 4(a — 1)(A2 cos 20 + he sin 20)a*2 
— 3a(a — r)(h;, cos 0+ hy sin OA)az? + 3(a — 4)(hs: cos 20 + he: sin 20)c° 
— afywo? + 2a°fo2? + [{3ahy + (1 — 4a)y.} cos 0 
+ {3ahy + (4a — 1)y:} sin Olaz + (a — 1)(y; sin 9 — y, cos #)a = 0. 
27 It is of interest to notice that, while the solution (818) for the case a = 4 involves 


eight constants of integration, the solution (821) for the case a = } involves only seven 


constants of integration. 





; (830) 





530) 
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Remembering that we have excluded the case a = 1, equation (830) 
implies that 


hy, = iy = hs, = hor = foo = ¥3 = V4 = 95 (831) 
(a — 4)hs, = (a — 4)hor = 0, (832) 

and 
30h = (4a — 1)72; 3ah, = (1 — 4a)y1 = 0. (833) 


Equation (792) is now found to take the form 


| 
+ (1 — 3a)(A;; cos 20 + he, sin 20)az | 





2yyr | 
+ (hy cos 20 + he sin 26)a} i > (834) 


dr? 


. » dB 
= —3(h, cos 6 + hy sin 6) —. 
dr } 

Since ¥ is a function of 7 only, it follows that the ratio of the co- 
efficients of d¥/dr and da? dr? should also be a function of 7 only. 
It is readily seen that this can be arranged only in either of the 


following two ways: 


hk, = he = 0 (835) 
or 
hy = ¥23 hy = —13 ) 
/ . ( (836) 
(1 — da)hy, = (1 — Fa)her = hyo = hw =O. ) 


Equation (835) leads to the case we have already considered, since, 
according to equation (834), we now have 


Bs 


dr? 





=o. (836’) 


On the other hand, combining the equations (832), (833), and (836), 
we find that 
h=f=o. (837) 
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In other words, if d?¥/ dr? ¥ o, both the equations (792) and (793) 
must be satisfied identically. It now readily follows that g = o and 
ad = c = d,. We have thus shown that if d?%/dr? # o, then the 
integrability relations (792), (793), and (794) must be satisfied 
identically, and that 


= C= dy; b = dw + bya? ; f=g=h=o. (838) 


This case is therefore identical with the case (i) considered in § 33. 
Consequently, the restriction on B that B(@, s) = Br) does not 
provide any essentially new features unless d’?¥/dr? = o. On the 
other hand, the assumption that the equipotential surfaces are con- 
centric spheroids is of physical interest only for the case of the po- 
tential inside a homogeneous spheroidal distribution of mass, i.e., 
precisely when d?¥/ dr? = o. 

35. Spherical systems._The methods developed in $ 34 enable us 
to give alternative derivations for some of the results obtained in 
Part V. For, when & has spherical symmetry, we can write 


Bla, 2) = Vlg(@* + 2*)} = BW) ; (839) 


i.e., a = 1—the case which was expressly excluded in $34. We 
shall now briefly discuss this case. 
As in § 34, we shall first consider the case 


LBs 


7 =O. (840) 
dr 


Iquations (792) (793) now require the validity of the relations 
(797) (799) for the case a = 1. From equation (799) we have 


Oo —-2s>—=0. (841) 


Using equation (800) for g, we find 


£0 — £5 =0, (842) 
or 


Q2=2,=0. (843) 
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rom the equations (686) and (695) for g, and g, we find 
he = hy = Oy = Ye = Fa = O- (844) 


Substituting in equation (797) for f and /, according to (711), and 
using (844), we obtain 


3(hy COS A+ Ay sin 0)® + 2/2 = 0, (845) 


or 
hy = hy = fo = 0. (846) 


It is easily verified that equation (798) is now satisfied. The solu- 
tion for the coefiicients of the velocity ellipsoid can now be written 
down. We have (cf. Eqs. [711], [844], and [846]) 
a = (hy + hs.2?) sin 20 — (hoo + ho22?) CoS 20 + dio + dy22, 
b = —2(h;, sin 0 — hy cos 0™)ws — (hyo + h;22*) sin 26 | 

+ (hoo + hoz") Cos 20 + dio + dis? + b,a? , | 
c = (hz, sin 20 — fe, Cos 20 + dy2)@? + Cw , | 


{f = —(hy, cos 20 + he, sin 20) 2 — (hy cos 0+ Ay sin 0)e? > (847) 
— y;sin@+ y, cos @, 





g = (—A,, sin 20 + Ie: Cos 20 — ay.)as + y; cos 0+ ¥, sin 6, | 
h = (hy, cos 0 + Ay sin 0) @2 + (Ag + h.27) cos 26 | 
+ (hoo + h23*) sin 26. ) 


Thus, when the potential has the form 
Y = constant + constant r? 848 
’ 4 


the solution for a, }, c, f, g, and / involves twelve arbitrary con- 
stants, in agreement with the results in § 19. 

If we now wish to satisfy the integrability relations (792)—(794) 
identically (for the case a = 1), then the coefficients of d¥/dz7 and 
d’/d7’ in these equations must all vanish; i.e., in addition to (844) 
and (846) we should require that 


ha + zf =o (849) 








142 S. CHANDRASEKHAR 


(3? — a)g + (a — clas = 0. (850) 
We readily verify that equations (847), (849), and (850) imply that 
hs. = Noo = 3 = V4 = 10) (851) 


and that | 


dio = Cy» (852) 


Hence, when the equations (792) (794) are satisfied identically for 
the case a = 1, the solutions for a, b,c, f, g, and # are given by 


a = (Az, sin 20 — he, cos 20)2? + dw + dn2’ , 
b = — 2(h;, sin 6 — hy, cos 0)az — (hs, sin 20 — he, cos 26)2° 
+ dy + d22? + byw? , 
c = (Ay, sin 20 — Ie, cos 20 + ay:)@? + dy , (853) 
f = —(As: cos 20 + he, sin 20)a3 — (hy, cos 6 + Ay sin 0)a’, | 
g = (—/hA,, sin 20 + he, cos 20 — ay:)a2 , 
h = (hy, cos 0+ Ay sin 0)@z + (hs, cos 20 + Ie. sin 20)2°. 


The solution (853) involves seven arbitrary constants. 

The general discussion of the relations (792) (794) for the case 
a = 1 proceeds on lines similar to that in § 34. Thus, from equa- 
tion (830) we now conclude that 


hs, = ha = fw = 0 (854) 


and 


hry = Y2 ’ hy =a — 7Y1 . (855) 


3 


Using equations (711), (854), and (855), equation (792) can be re- 
5 | 5% Pe | ) 





duced to 


{(hy cos 8 + hy sin 8)(a@? + 2?) + (As, cos 20 + hoy sin 20)@ 


; , PY ; dQ > (856) 
— (y; sin 6 — vy, cos 6)z} —— = —3(hy cos 6+ hy sin A) ; 
dr? dr} 
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The ratio of the coefficients of d?%/d7? and d¥/dr in the foregoing 
equation should be a function of 7 only. This is possible in the fol- 
lowing two cases only. Either 


hi = Ing = 0, (857) 
| in which case 
ays 
—=0, (858) 
dr? 
or 
hen = ho = ¥3 = ¥4 = O; (859) 
in which case 
as 2 dM 2 dQ 
— = -— = —~ ; (860) 
dr? wo + 2 dr 2t dt 
We have already considered the 
equation (860) yields 





case (858). On the other hand 


d¥s——s constant 
ot anes (861) 
dr 73/2 
| or 
| ds constant 
dr 


r? 


(862) 
Using equations (711), (854), (855), and (859), we find that equa- 
tion (794) can be reduced to 





{(hy sin 0 — hy cos 0)2(@? + 2?) + (dio 


C10) WZ + by) (G" a 


, PB) 
o2 | 
dr? || 
. ? (863) 
, ‘ +. ay 

= —3{(h, sin 0 — hy cos0)s + fan0} —— | 

dr | 
Equations (860) and (863) are consistent only if 


Aro = C10 ° 


(864) 
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The solution for the coefficients of the velocity ellipsoid for the case 
(862) can now be written down. We have 


= (h;, sin 20 — he, cos 20)27 + dy + du + du’, } 
— 2} (hyo + hyrz) sin 80 — (Ay + Ayz) cos Oa | 
— (hs, sin 20 — ho, cos 20)? + di + dud + di22? + byw? 


~ 
~ 


> 
II 


c = (Az, sin 20 — he, cos 20 + ay2) a? 
— 2(hy sin 6 — hy cos A)a + ay , 
f = — \(h;: cos 20 + fo: sin 20)@ — (hyo cos 6 + hy sin 0) 2 : (865) 
— (hy CoS 0 + hy sin 6) , | 
g = {(—A,, sin 20 + he. cos 20+ ay)z — Santa 
+ (hy sin 8 — hy cos 0)z 


| 
(hyo + fyi) cos 6 + (hyo + hy:z) sin 6 | 
+ (h;; cos 20 -- he, sin 26)s? . | 


h 


Finally, considering the motions of the local centroids, we have (cf. 


Eq. [732]) 


A, = (a, cos 0+ a; sin 6)z, 
A, = (—a, sin 6 + a; cos 6)3 + po, | (866) 
A, = —(a, cos 0+ a, sin A)a , 


where the A’s are related to the components II,, ®,, and Z, of the 
motion of the local centroid by the relation (42). 


VILL. ELLIPSOIDAL: SYSTEMS 
36. The fundamental equations for ellipsoidal systems. In §$§ 34 
and 35 we have considered the case where the equipotential surfaces 
are concentric spheroids. We shall now discuss more generally the 
case where the equipotential surfaces are concentric ellipsoids. In 
other words, we shall assume that 


B(x, y, 2) = Vr), (867) 


~ 


where 
tT = 3(ax7 + ary? + 4327) , (868) 
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where a,, a,, and a; are three positive real numbers. If a, ¥ a, ¥ a,, 


then from the theorem proved in Part IV concerning the helical 
symmetry of stellar systems with differential motions it follows that 


fe) (a, #a,#a;). (869) 


> 
| 
a 
| 
b 
| 


On the other hand, if two of the a’s are equal, then we have the case 
of spheroidal systems already considered. Finally, if a, = a, = a3, 
then the problem reduces to the case of spherical symmetry. We 
may notice that there will be no loss of generality if we set one of the 
a’s (say, a,) equal to unity. But the problem can be treated more 
symmetrically if we retain all the a’s. 

As we should expect, the discussion is most conveniently carried 
out in Cartesian co-ordinates. The problem now hinges on the rela- 
tions (IV,) 


ah g\ 
| & & ) gra Y= —} grad x. (870) 
gf é« 


The integrability conditions are obtained by taking the curl of the 
foregoing equation when the right-hand side vanishes. We obtain in 


this way 














ah AB Oh AB Of = ag\ 0B PV GB 
<= ee ee i a BE | 
Ox OX “ oy Oy Ox dy] 02 ON? Oy’ 
PY PY PY 
6-—-a)-—- = emer SEO) 
ors Oxy dvds TS Seax 








af AB af AY (2 =) ay (S =) 


























~ ay dy ° As dz dy dz) Ox Oy? 02? g 
bea casi Se a ee PQ ae 
[- Se — FS =0, 
7% ) dvds OZOX +8 Oxdy 
dg AB dg AB dh = af\ dB PV PB 
° dz dz ° Ox Ox dz dx] dy ds? Ox? 
PY . FB PY 
'I—- ¢)—— -f/= i——— = 0. 
oe } Oz0x ~*~ OxXOY * Oydz } 
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When % has the form (867), we have 


























Ay is dB PY = Ys 
— = a,x —; — = @,aNv —, 
Ox " dr Oxy ee | 
Oy ie dB ys . Ys P 
—— Mig | ———— i aE —— 372 
oy "va. * OVOS ae? | (872) 
Ay . ds 078 Ps 
—=a3—}; = = ajax —,| 
Os dr Oz0x eet aes 
and 
AY ey. ai dy 
— = aly’? a; — 
Ox? dr? ee 
O7ys , , YY ds (3 
—— = a3y’ a. —— > 3 
Oy? ~~. ae? ar” 273) 
7B _, 7% dy | 
oo ee, oa a;—_ .| 
02? dr? S dr || 


Using the foregoing relations in the equations (871), we find that 
these integrability conditions reduce to | 


( ah ah d) d ) dB 
) av a ae 3a2V — + 432 eS sf 7 (a, = a.)h i 
) aT 








Ox Oa dy Ox Oy 
: LY 
= — {h(aix? — a2y?) + aa.xy(b — a) + a;a,2xf — a,a,yzg!} : a 
‘ aT 
of of dg oh : | dB 
3a, —— — 3a;2 = + ax oo — ) + (a, — a;)f} > 
Oy Oz dy O02 } dr g- 
; LY (874) 
= —}f(azy? — a32?) + a.a;y2(c — b) + ara.xyg — a;a,2xh} —, | : 
: iz i - - dr? a3( fir 
( Og Og oh of ) dB 
(388 =~ get = ay le — ag) = 
}3%37 az SO Ox Tas} (+ | + (a; — a)g dr (a 
. ., 2S ie 
= — {g(a2s? — aix?) + a;a,2x(a — c) + a.,a;yzh — a,a,xyf} —— 
: a ar (4a, 


37. Motions inside a homogeneous ellipsoidal distribution of mass. 
As is well known, the equipotential surfaces inside a homogeneous 
ellipsoida! distribution of mass are concentric ellipsoids. Further, we 
have in this case 


¥ = constant + constant (a,1? + ay? + a3") , (875) 
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where a,, a, and a, will depend on the density and the ratio of the 
axes of the homogeneous ellipsoid. For the case (875) 


PY 


dr? 





=o. (876) 


Hence, for this case the validity of the equations (874) requires that 
the terms which occur as the coefficients of d¥/dz on the left-hand 
sides of these equations should all vanish. We should therefore have 


oh Oh 7) Og 
Zant — — 342) 2 + a;2 (2 - —= + (a; — a,)h =O | 

Ox “ oy Ox oy 

| 

of of Og oh | 
Poe ere Py ,— af =0,} (8 
tae oy 33? 92 7% (3s Oz +e ae ee ( (87) 

Og Og Oh of | 
3435 oo — 3a od + ay (— — =} + (a; — a)g=o. 

OZ Ox Os OX / 


Substituting in the foregoing equations for f, g, and / according to 
the general solution obtained in Part III (Eqs. [183]-[185]) and 
equating the coefficients of the different powers and the different 
combinations of the powers of x, y, and z, we find 


(a: — ar)hw = 0; (a2 — a3)fi = 0; Ps are, 
(4a: — a.)hn= 0; (40 n= 0; (405 — a) fw =, 
(a: — 4a2)hy»y = 0 ; (a. — 44;)f3 = 03 (a; — 4a:)g% =0, | 
03(fir— B11) + (a1 — a2) =0; A4(Su— Mn) + (a2— 43)fir= 03 @2(Itur— far) + (03 — 1) Sx = 9, | 
; (878) 
(a: — az)Iyw = 0 ; (a: — as)fyo = 0 ; (a; — ar)f = ©, | 
(a, — 4a, + 3a;)f1 = 03; (a. — 4a; + 3a:)g1 = 0; (a; — 4a: + 3a.)hnx = 0, | 
(4a, — a, — 3a;)4n = 03; (40, — a; — 3a:)fx =O; (4a; — ar — 302)81 = 0, | 
(a: — a2)g1 = 0} (a; — a;)hy = 0; (a, — a)fa =o.) 


Case I: a, ¥ a, ¥ a;.—-We shall set a, = 1; as we have already 
remarked, this implies no loss of generality. Our assumption is 
therefore equivalent to 


a, = I ~a,Fa;. (879) 
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From the equations (878) we now obtain 

fro = S10 = Myo = fa = Sar = I = fyo = Syo = Myo = 0. (880) 
Further, 


- {4@; — 1)f0 = ©, ) 
( (881) 


I 
° 


(4 == a.)h = 5 (4a, ane a;)f 2 
(1 — 4a:)hy =O; (a: — 44;)fp =O; (a;— 4)g0 =0, 


and 
afin — Q321 + (1 — adh =o, 
(a. — a3)fir + gu — My 3 @; (882) 
= tifa > (a; — ttt aA, =O. 


The three equations (882) should be further supplemented by the 
condition (cf. Eq. [186]) 


fur + £ir + kn = 0. (883) 


Hence, if fi:, g::, and /,, are not all zero, the four three-rowed de- 
terminants of the matrix 


a; = 2 
Qa, — @, I me 9 
3 (884) 
— Gs a; Sore a>, 
I I 


should all vanish. The determinant formed by the first three rows 
of the matrix (884) vanishes identically, and the condition for the 
vanishing of any of the other three determinants of order 3 of the 
matrix (884) is found to be 


I+ a3 + a} = 2(a, + a; + a,a;) ; (885) 
or, solving for a, in terms of a,, we find 


Va;—- Va.= +1. (886) 
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If the relation (886) is not satisfied, then f,, g::, and /,, all vanish. 
On the other hand, if the relation (886) is valid, then 








fis Si hy, 
4 , = : = = constant. 88 
a; — a2 + I a; + @— tI — 2a; . ( 7) 


We return now to the relations (881). We readily verify that a 
discussion of these relations leads to the following four physically 
distinct cases: 


Qi: asi Gp = 1542-16 (case I,) >| 
vee fe ee ee oo (case I.) , (888) 
@j;2a;iae = 1:4: a; (+ 16, 0, 3) (case I.) , | 
G;2G@;2 a, “#1342 16 (case Iu) . | 


As illustrative of these four cases we shall consider the following 
typical examples. 
Case Ig: a, = 1, a, = 4, a; = 16.-From the relations (881) we 


now conclude that 
hyo = fo = 830 = £2 = 0; Niro, Jon HO. (889) 
Also, since equation (886) is not satisfied for this choice of the a’s, 
fu = gn =hy =00. (890) 


From the general solution for the coefficients of the velocity ellipsoid 
obtained in Part III (cf. Eqs. [183]-[185] and [191]-[193]) we find that 
the solution appropriate for the present case is given by 


a = —2hypoy — a ; b= —2fns — bo ; c= —-G, 
(891) 
f = fy ; g=0; k= kx. 


The solution contains five arbitrary constants. 
Case Ip: a, = 1, a, = 4, a; = 9.—From the relations (881) we 
now infer that 


if Me Fao = hyo = fro me Bag) = Os Nr Fo. (892) 
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On the other hand, since this choice of the a’s satisfies the relation 
(886), we have (according to Eq. [887]) 


fas = Kj; fir = 2K, hy = — 3K (893) 


where « is an arbitrary constant. The solution for a, 0, c, f, g, and h 
for the present case can now be written down from the general solu- 


tion. We have 


a = —2hny — a ; b= —b ; c= —,) 
) (894) 
| “ar 3 g = 2kV; h = —3K2 + hx. f 

This solution also involves five arbitrary constants. 
Case I: a, = 1, 4, = 4, a; X 16, 9, }.—-For this case we readily 


find that 


| 2h =o be, s b a —b, “ C= —Co; | 
(895) 
f=0; g=0; = Ryd. ) 


Case Iy: aj:aj:a, # 1:4:16.-From the relations (881) we now 
conclude that 
hy = fro a hs = Fs0 mee ag Se IO ng (896) 


Hence, 


a= —-d; b= -b, ; C= =, (897) 


If, further, equation (886) is not satisfied, then 


f=g=h=o (Va, # Va; +1). (898) 


On the other hand, if (886) is satisfied, then 
ft = fusX ) Lom Rie ts A= he, (899) 


where fi;, g::, and /,, are expressed in terms of a single arbitrary 
constant according to equation (887). 

Turning next to the differential motions, it is clear that for the 
case under consideration (a; # a, # a;) the A’s vanish (cf. Eq. 
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[869]). Hence, if the components of the motions of the local cen- 
troids do not all vanish identically, then the fundamental determi- 
nant (275) should vanish. If we substitute for the coefficients of the 
velocity ellipsoid the expressions found for the four cases considered 
above, we find that no really significant case of differential motions 
exists. 

Case IT: a, = a, = 1, a, = a #1. From the equations (878) 


we find 
he = £10 = h,, = hs. = fas — £21 = ex, = ter = £40 == (goo) 


and 
hn: Bea OC. (gor) 


Further, we have 


(4—a)fo=0; (1 — 40)g0 =0,) 


(4—a)go=0; (1 — 4a)fo = 0, f ion) 
and 
fir = Bu 8u — hr t+ (1 — afun =O. (903) 
Equation (g¢e3) should be supplemented by 
fu + On + fn = 0. (904) 


Equations (go3) and (go4) can be combined to give 
dur =) es ee oe Shy, } (4 _ a) fis Gry (g05) 


As in § 34, we have to distinguish between the following three cases. 
Case II,: a, = a, = 1,a; = a # 1,4, }.—In addition to (goo) we 

have 
fu = fee hy, = fo = ag) tx == Pig? Ore (906) 


The solution for the coefficients of the velocity ellipsoid is seen to be 


Qo Sty = hyy? } b= -—h, — Nix? } G8 66 ‘1 


Oo 
f =g=0; h= | = oa Nyoxy ° ik ”) 
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bo 


Case IIy: a, = a, = 1, a; = 4.—For this case 


Soe; £30 FO; £20 = iP en's (908) 
Further, 
fu = gn = — fh =k, (go9) 


where « is an arbitrary constant. We now have 


a= —dy — 26302 — hyy’ , | 
b = —by — 2fm2 — Myx’ , | 
C= —, (g10) 
f=Ktfoy; gg =Ky + gor, | 
h = Nyy — 2x2 + Iygoxy. 


Case II: a, = a, = 1, a; = 4.—From equations (go2) and 
(go05) we infer that 


Sas bu FO; far a 9 el hy, = fo madd 7 ape Tak (g11) 


and we have 


\ 
d= —dy — Ihyy’ ; b= —do — Nyx’, | 
| 
C= —Cy — 2fnk — Buy, | ” 
oss (g11’) 
t = fio 5° £ = £2, 
= hy + Igoxy . 


Turning next to a consideration of the differential motions, since 
for the case under consideration the systems have simple axial sym- 
metries about the z-axis, we have (cf. Eqs. [205] and [269]) 


A, = By ; 4, = —Bx ; 4,;=0, (912) 


where 8 is a constant. The components U,, V,, and W, of the motion 
of the local centroid can now be obtained from the appropriate solu- 
tions for the coefficients of the velocity ellipsoid. 
Case III: a, = a, = a;.—When a, = a, = a;, the relations 
(878) give 
fa = S20 = hn = fro = 8 = hy = fu = Su = hy = 0. (913) 
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On the other hand, 


Tens £105 Kyo, far; £215 Ibis: les L405 hin x e) . (914) 


The appropriate solution for the coefficients of the velocity ellipsoid 
can now be written down from our general solution and is seen to 
involve twelve arbitrary constants. 

38. The general discussion of the relations (874).—If the a’s are 
not all equal and if, further, d*/dr? # o, it can then be readily 
shown that the integrability conditions must be satisfied identically. 
In other words, the terms which occur as the coefficients of d?48/dr? 
and of d%/dr in the relations (874) must all vanish. By writing 
down the conditions for the vanishing of these terms, we find that 


a = b = ¢ = constant ; f=g=h=o0 (a;4#a:#a;) (915) 


and 
@ = —do — hyy ; b= —a, — Ayx’, a, = a, = 1,\ ) 
; > (g16) 
c= —-; h = Ixy ; f=g=0. a,F!l f 


Equation (916) is in agreement with the results obtained in § 34. 
The general discussion of the integrability relations (874) for the 
case of spherical symmetry (a, = a, = a;) has some features of 
interest. 
Substituting in (874) (in which a,, a., and a, have all been set equal 
to unity) for the coefficients of the velocity ellipsoid according to the 
general solution obtained in Part III, we find 


{(hiox — hyoy)(x? + y?) + (fyox — goy)s? + (tn + fir)a?s — (i + gu)y’s } 





, Bs 

+ (850 — fin) 8y — S102 + frase + rola? — 9°) + (ao — boxy} >| 
a 

. dQ | 

“a is 13 (M2ox ais hyo¥) + (fi = 211) 3} é ’ 

aT | 


and two similar equations. 
If equation (917) (and the two other similar equations) should be 


satisfied identically, then 


Nx = ho = fx = hyo = Roe = Rae hyo = to ea 
= My =fu = 255) 


9 | (998) 


> (gt7) 
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and 


dy = by = Go = —xk (say). (919) 
The solution for the coefficients of the velocity ellipsoid is given by 


a=$k«-— Nyy? — L402" — 2hnyz , | 


b => KkK— fu? = haz = 2frr2X , 

C= K— Sor? — foy? — Bury , 

x ‘ ( (920) 
/ is — hx? + faxy + L203 + foY2 ) 

g = —fuy? + gays + haya + gyo2X , | 


h = —gn2? + hnsx + fasy + Moxy « | 


If equation (917) is not satisfied identically, then the ratio of the 
coefficients of d?%8/ dr? and d¥/dr in this equation must be a func- 
tion of 7 only. This can be arranged in only one of the following 


two ways: either 
Ny = Reo = fro = Se oe ee fu = eae hy, =— Oy (g21) 


in which case 





=o, (922) 


or 


Nw a tee ; fo ea, 5 £20 = Nso ’ ) 








tro = £10 = Nyo = fu — gu = hy, = 0 >| (923) 
a = by = Cary | 

in which case 
ays 3 dB 3 dB 
SS AR er ec, ee Ree (924) 
dr a + y + 8? or 2t dr 


The solutions appropriate for these two cases can now be written 
down from our general solution. 


YERKES OBSERVATORY 
March 1939 























THE ARC SPECTRUM OF EUROPIUM* 
HENRY NORRIS RUSSELL AND ARTHUR S. KING 


ABSTRACT 


Most of the strong lines of /u 1 arise from transitions between terms of multiplicity 
10, 8, and 6, obtained by adding two electrons to (4f)7 *S® of Eu m1. This part of the 
spectrum is regular in every respect and contains typical multiplets and numerous 
short series. 

The lowest level is f7s? 8S°. All the terms arising from the added electrons 6s7s, 6s8s, 
6s5d, 6s6d, 6s6p, 6s7p, and 5d6p have been identified, and some from 6s7d, 6ssf, 6s6f, 
(5sd)?, and (6p)?. There are many additional energy-levels, which probably arise from 
the configurations fds? and f*d?s. 

The number of classified lines is 1156, including all but one of the 200 strongest. 

The ionization potential is 5.64 volts. 

Tables are given showing the terms and unclassified levels, the electron configurations, 
the series relations, the intensities in multiplets, and a complete list of classified lines. 

The probable error of a tabular wave length is +o0.o10 A for the stronger lines and 
+o.017 for the faintest group. 


I. INTRODUCTION 

Europium is a typical example of those rare earths whose spectra 
show a moderate number of very strong lines and are therefore more 
promising for analysis." The principal features of the first spark spec- 
trum have been interpreted by Albertson,’ who is continuing the 
study of the numerous lines not yet classified. A preliminary report 
on the arc spectrum has been made by the writers.’ The analysis 
here reported is based upon new observations by one of us, covering 
the range from 2100 to 1o1oo A, which are described in detail in 
another communication.‘ The kindness of Dr. H. N. McCoy in pro- 
viding a generous supply of the rare material has led to the discovery 
of hundreds of faint lines, which have proved of great importance in 
extending the analysis. Observations of the Zeeman effect were im- 
practicable, mainly because it is very difficult, with an element of 

* Contributions from the Mount Wilson Observatory, Carnegie Institute of Washington, 
No. 611. 

*W. Albertson, Phys. Rev., 47, 370, 1935. 

2 [bid., 45, 490, 1934. 

3 Phys. Rev., 46, 1023, 1934. 

4 King, Mt. Wilson Contr., No. 608; Ap. J., 89, 377, 1930. 
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such low ionization potential, to get anything but spark lines in the 
magnetic field. This analysis has been carried far enough to permit 
the classification of practically all the stronger arc lines and a ma- 
jority of the weaker ones, and has revealed a very regular structure, 
in excellent agreement with Hund’s theory. Since the type of struc- 
ture differs considerably from any which is found among the lighter 
elements, it is described here in more detail than would otherwise 
be the case. 


2. GENERAL STRUCTURE OF THE SPECTRUM 

The neutral atom of europium contains nine electrons outside the 
closed ‘‘krypton shell.”’ The very existence of a moderate number 
of dominant strong lines in both the arc and the spark spectra proves 
that seven of these are 4f-electrons. The electron group f’ gives rise, 
theoretically, to the spectroscopic terms *S°, °P°, °D°, °F’, °G°, °H®, 
and °I° and to very numerous quartets and doublets. By analogy 
with the half-shells d° and p’, we should expect the *S° term to lie 
much lower than the rest. By far the greater part of the whole energy 
of the arc spectrum arises from transitions between states obtained 
by adding two other electrons to this one term of Eu m1 (though 
there is evidence also of states involving six f-electrons). 

In the main, therefore, Eu 1 is a two-electron spectrum; but the 
high multiplicity of the limit makes its structure richer than that of 
other two-electron spectra. The two electrons may be in the states 
6s, Op, 5d, and sf or have higher total quantum numbers. 

By analogy with Bat, which differs only in the absence of the 
{7 group, we should expect the lowest state to involve (6s)’, and the 
next lowest 6s5d. These should combine strongly with higher states 
arising from 6s6p and 5d6p. In the present case the lowest terms 
are of odd parity, and the higher ones even. 

From (°S°)(6s)? we have only *S%,., while (°S°)6s6p gives 'P, *P, 
SP, and °P. The first of these should be the lowest, and its combina- 
tion with the ground state should give two strong low-temperature 
lines in the red, while the transition from these levels to the higher 
6s7s '°S° should give another pair in the same region and with the 
same frequency separation. 

At a first glance at the plates, two pairs of lines of the anticipated 
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character were conspicuous. Their wave numbers, intensities, and 
temperature classes (from the final list) are: 


14563.61 (3000 I) 14200.24 (2500 II) 
14067.79 (1500 1) 14695.95 (2500 II) 
Diff... 495.82 495.71 


The first ‘‘break”’ into the analysis was thus obtained by inspection. 
The remaining component '’P;, and the two *P terms were then 
easily found. Two higher '°S°® and two '°D° terms, combining with 
these, gave series and an ionization potential of 5.64 volts.’ The 
°P term was found later. 

The configuration (*S°)6s5d should give '°D°, *D°, *D°, and °D»°, 
the first two going to the limit (*S°)5d °D° of Zw u, and the others 
to the related 7D° term.’ These terms should combine with four 
triads of PDF terms, of corresponding multiplicities, giving strong 
lines in the red, yellow, and green. A great tangle of such lines is 
present. To unravel it, use was made of the ultraviolet lines, which 
show strong absorption in the furnace. All such lines may confidently 
be attributed to transitions from the ground state *S°, and, since this 
is single, each one locates a new energy-level. 

By ‘‘combing” the list in the red with the differences of these 
levels, transitions downward were found which located the '°D® and 
the lower *D° terms and then a large number of higher even levels. 
The term b’D° was found laboriously by comparing the differences 
of these levels with those among the fifty strongest remaining lines 
in the yellow. Had the infrared then been available, it could have 
been found at once from the isolated multiplet b’D°—z*D. The 
‘D° term was finally located by means of infrared combinations. 
These *D° and °D® terms are inverted like the parent 7D° term 
of Eu u. 

The combinations of these terms practically exhaust the strongest 
lines throughout the spectrum, making it evident that no other low 
terms exist. The whole number of lines classified is 1156. All but 
five of these arise from combinations between the 21 odd and 12 

5 The latter (which was revealed by a multiplet near \ 10000, discovered in the 


course of the present observations) lies about 7500 cm~! above a9D° and is inverted, 
while the former has its levels in normal order. 
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even levels already described, and 78 odd and 161 even higher levels. 
A complete list of these is given in section 7. 


3. TERM AND CONFIGURATION ANALYSIS 
The grouping of most of these levels into terms was easy, as there 
are many multiplets, remarkably regular in structure and intensity ; 
and the assignment of electron configurations was usually simple. 
The terms theoretically produced by the addition of two electrons 
to (4f)7 *S° of Eu ut are listed in Table 1. Terms predicted but not 


TABLE 1 


TERMS AND ELECTRON CONFIGURATIONS IN Eu I 











Configurations Terms 
(6s)?.. Beye Piet aa EL aa a abs ; 
"5 Ae ano ee eres e19S° e®S° f*S° e6S° 
Eanes hiscseat nt ft°Se gS° i8S° f6S° 
‘ot rr ree = alepe a’De b*De a’De 
(CS aR a eR ara er] e' De gD e®De 
GME coon apis frefPe hDe (8D°) foe 
RSA)? os scics 2 cae san a eM (AOE) h8S°, e§Pe, f§D°, (8°), G2) e°Po, (SF) 
(6p)?. dso frepe (8S°), (8P°), (®D°) (SP) 
WAG. carck dt bt es aad zZt°P z*P y*P ra 8 
BSI an iw Sie nnne ere as xP w®P ubP x°P? 
OSS Pepa e re yr (*F) xoF y°F 
OSSOT at encase cee es i x!F (F) (SF) (°F) 
[<0 (0) 0 ene ernie yreP x*P véP y°P 
Sac Seen ey Zep “aD y*D 2D 

Bee cans CNet ziok ZF y*F zor 














identified are in parentheses. The terms arising from (6s)? 687s, 635d, 
6s6d, 6s6p, and 5d6p may thus be determined with certainty. Those 
involving 8s and 7d are identified by series relations (sec. 4). 

The existence of two '°P® terms is clearly shown by the multiplets 
which they form. Such terms can arise by the addition to the °S° 
limit, of two electrons which, by themselves, would give a *P term 
that is, (5d)? or (6p)?. The lower of the two has been assigned to d? 
because of its narrower separations, and since the corresponding term 
in Bat is the lower. The °P°® term from (5d)? is also unmistakable. 
There should also be *S°, *P®, and *D° terms. These lie near the octet 
terms arising from 6s6d and 6s8s, and the mutual perturbations are 
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large in position and intensity. The whole number of levels of each 
J-value is correct, but assignment to individual terms is probably 
of doubtful significance, owing to “‘sharing”’ of their properties. The 
arrangement finally adopted, though involving some irregularities, 
appears to be as good as can be made in the absence of Zeeman ob- 
servations. The F° and G° terms arising from this configuration 
should combine very feebly with the low P terms and have not been 
identified. 

Among the even terms combining with the 6s5d group are four P 
terms in addition to those belonging to the great triads, which are 
just what is to be expected from 6s7p. Each of these terms is close 
to the P term of one of the triads, and there is some evidence of per- 
turbation. 

Four additional F terms have been found. All are narrow and are 
at just the levels where they should be if arising from 6ss5f or 6s6f. 
One of the *F terms from 6ss5f is missing. It should lie close to y*F 
and may be so much perturbed as to be unidentified. 

The portion of the spectrum so far discussed contains 50 identified 
terms, arising from 13 different electron configurations and includ- 
ing 190 component levels. Combinations between these account for 
815 observed lines, including go per cent of those in the whole spec- 
trum with intensities exceeding 100 (the strongest line being 10,000). 

Many additional energy levels have been found—some of them 
confirmed by six to nine combinations. These are designated by 
numbers (sec. 6). Those finally admitted include 63 even and 19 odd 
levels. The limits of admission are difficult to prescribe; in general, 
a level based on only two combinations is suspicious, unless the lines 
are strong and of appropriate temperature class. Lines which dis- 
agree seriously with the anticipated temperature class have been 
rejected as accidental coincidences. Three levels have been included 
on the basis of single lines, strong in furnace absorption, undoubtedly 
belonging to Ew 1, and interpretable only as transitions from the 
ground state. One of these lines, \ 3334.33, is among the strongest 
in the spectrum. 

Combinations including these levels account for 341 lines and 
leave outstanding only 1 line of intensity 100 or more in the arc 
among the 231 in the spectrum. 
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These levels cannot, on any reasonable assumption, be fitted into 
the scheme based on (4f)? 8S°. The even ones, which are much the 
more important, probably arise from the configurations (4f)°(6s)?5d 
and (4f)*°6s(sd)?. The lowest term from (4f)* should be a normal ‘F, 
as Albertson’ has found in samarium. Addition of (6s)?5d gives 
SPDFGH, °PDFGH, while 6s(5d)? produces *°SPDFGHI, '°DFG 
and a great number of octets and sextets. The levels which combine 
most strongly with a'’D° presumably belong to this configuration. 
The transition f*sd?—f’sd involves the electron jump d—f, while 
f°sd?—>f7s? demands the double jump d—s, d—f. The combinations 
of these levels with a*S° should therefore be weak or absent, as is 
the case. On the other hand, f*s*?d—f’s? involves the jump d—f and 
f°s*d—fisd, sd, df. The levels which give strong combinations 
with a*S° probably belong to this configuration. They lie, on the 
average, about 8000 cm™ lower than the others. The corresponding 
difference between the ds? and d’s configurations in La 1 ranges from 
2700 to ggoo cm". 

It is evident that by no means all the levels of these configurations 
have been detected. Any attempt to pick out multiplets would be 
unwarranted, especially in the absence of Zeeman data. 

The configurations f*s, f§d should combine with f’sd but not with 
f7s? (as the sf jump is most improbable). One would expect them 
to lie at a higher level if analogy with groups of d-electrons is valid; 
whether they are represented in the observations is uncertain. 

There remain a good many lines of moderate strength and of tem- 
perature classes IV or V, between 20,000 and 25,000 cm™, which 
find no place in either part of the present analysis. These lines can 
just be brought out in the high-temperature furnace, which indicates 
that the lower level involved is considerably higher than 25,000 cm". 
This would make the upper levels above the ionization limit. 

These levels may be attributed to other terms of the configuration 
f7s?, of which the lowest should be °G°, °H®, and °I° (or some of them). 
The triads with which these combine involve terms of types °FGHIK. 
These will be subject to auto-ionization only if a continuum of simi- 
lar terms of even parity exists beyond the limit a’S° of Eu m1, which 
cannot occur for °G or °I. Above the a’7D° level of Eu 11 continua 
of all types occur, but this limit is 17,000 cm™ above a’S° and 62,000 
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above a°S° of Eu1. Many sharp even levels may exist below this 
limit 

No significant differences have been found among the lines of this 
group. The data are probably insufficient. 


4. SERIES AND IONIZATION POTENTIAL 
There are six pairs of terms (Table 1) which are in series, with 
a running s-, d-, or f-electron. Rydberg’s formula applied to these 
gives limits ranging from 45,700 to 46,300 for a’S° of Eu ur, and 


TABLE 2 


VALUES OF An* 











Eut 

TERM Sri Cd 1 Bat Hg 1 Rat TERM 
45700 45800 

iS a’Se 
iS I .000 1.053 1.014 ©.999 1.029 erSo 0.gg6 ©.ggo 
iS 1.043 | 1.034 | 1.045 | 1.033 | 1.046 |} Froge 1.046 | 1.033 

sp zZroP 
3p 1.149 i472 1.196 1.183 1.196 xP 1.259 1.248 

3B) arepDe 
iD 1.182 1.350 ; 1. 261 eto])o 1.288 1.297 
iD I .023 I .009 I .005 I .009 , fropyo 1.026 I.009 

3F , : y! oFe 
IF O.Qg2 0.997 1.031 0.998 0.980 x!°Fe 0.007 0.970 
































47,800 for a’S, which is higher by 1669. To obtain a better value of 
the ionization potential we may attempt to make the values An* of 
the difference of the Rydberg denominators for successive terms the 
same as for other two-electron spectra in which the limits are fixed 
by long series. Table 2 gives the values of the latter (for the middle 
components of multiple terms) and also those obtained for two as- 
sumed values of a’S°—a%S° in europium. 

The three pairs of values of An* given in italics are the most 
sensitive to a change in the limit. To make these identical with the 
means for the other five spectra, the limit should be at 45,750, 
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45,780, and 45,690. The mean 45,740 may be adopted, correspond- 
ing to an ionization potential of 5.64 volts, with a probable error less 


TABLE 3 


VALUES OF n* 



































|| 
Electron Limit Term n* | Limit Term n* 
eS a Ge ee) en See ee, ee ea ee. Seas ee OE oe | Sb d. 
| 
BS5re eee tek asS° a’S° 1.549 | a7S° aSS° 1.521 
| | 
~ See asS° erSe 2.542 | a7S° f8S° | 2.603 
ass? e®S° 2.600 | a7S° es 2.557 
8s. a9S° f20S° 3.584 | a7S° oS? 3.666 
ass? g'S° 3.470 | a7S° f6S° 3.508 
| 
| 
6s. | vyDe | at] 1.601 | a7D° b§De 1.504 
| asDe a’De 1.643 | a7D° aD? | 1.589 
se ete ss ea ae | See = 
| 1} 
6p | a%S° zp 1.876 || a7S° y®P 2.062 
| a9Se z§P 1.919 || a7S° ZP 1.922 
i] 
i] | 
7p | ave xtep 3.231 |] a7S° uSP | 3.186 
agS° w'P senate | a7S° xP | 3 651) 
| 
6p... | asDe Zor 2021 || a7De y®F 2.146 
| asDe zl) 2.109 | a7De y'D | 2.047 
ayDe yreP 2.163 | a7De v’P | 2.032 
a’De ZF 2.137 a7D ZF | 2.031 
avD° z§D 2.086 | a7D° ~D 2.120 
avD° x$P 2 236 a7D° y®P 2 145 
(7 epee eta | avS° ate[° 1.837 aiS? b§De | 1.9g1 
| ayS° | asppeo 1.906 1 azS° aoD° | 1. 982 
| i| 
6d ayS° | etepje 3.120 aiS° g’D° | 3.115 
avS° e' De z 202. | a7S° e6De | 3.187 
i] | 
= | \| 
7d a9S° frePe 4.130 || sei , | 
: aS ‘D° 2 
asS° | h’De | 4.192 | MS ie ss 
ee = Le ee : {| 
4 . | aiS? x®F 2. QgI2 
ee. asS° por | a .8 S ae 4 
5 y 3.91 ] a7Se yF 3.903 
| : ; {| 
of | a%S° x!oF | 4.900 | 











than 0.01 volt. This corresponds to a’S* of Eu u. The higher limits 
are a’S$ 47,400, a°D° 56,053, and a’D° 62,881. 

With these limits we find for the principal terms of Eu 1 the values 
of n* given in Table 3. These values confirm the assignment of the 
terms to the series position except for x°P, which should be at about 
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36,000. There are some levels near this value which combine strong- 
ly with a°D°, but nothing like a multiplet. 

The discordances for g*S°, i8S° can be explained by repulsion 
by h’S°. 

The configuration 5d7p should give '*°*PDF, ‘PDF near 45,000, 
close to ionization; 5d7s gives levels near 41,000. Some of the un- 
classified even levels may come from these or from (6p)?, while 
those near 34,000 may be parts of the missing F° and G® terms 
from (5d)?. 

5. MULTIPLETS 

The multiplets in this spectrum are remarkably regular for an 
element of high atomic number, and a summary exhibit of the line 
intensities may be appropriate, especially as these have all been 
estimated on a homogeneous scale. Table 4 gives the data for the 
multiplets arising from the low odd terms, and Table 5 for the low 
even terms. A dash (—) denotes that the line is absent, ‘‘m’’ that 
it is masked, and ‘‘i’’ that it is in the infrared. For a few lines absent 
from, or masked in the arc, the furnace intensities are given in 
square brackets. The combinations of the 6s5d and 6s6p configura- 
tions are in the remote infrared, some of them beyond 20 pu. 

For the high multiplicities the intensities approach those in Zee- 
man patterns, as they should theoretically do. The weakness of one 
diagonal component in the PP°® and DD° groups is striking. There 
is a curious tendency for the middle diagonal to be faint in many 
of the intersystem groups. 

Many lines in this spectrum are conspicuously widened. The re- 
lation of the observed degree of widening (denoted by the letters 
‘“‘w,”’ to ‘‘w,” in Table 2 of the previous communication‘) to the 
place in the present analysis has been investigated. Practically all 
the lines involving terms belonging to the electron configurations 
6s7d, (6p)*, 6s5f, and 6s6f are considerably or greatly widened, and 
so are many lines involving 6s7p. This widening is evidently of the 
familiar type associated with large total quantum number. The 
strong lines of the principal multiplets are rarely recorded as 
widened. Widening due to hyperfine structure is probably present, 
but the existing data do not suffice to disentangle it. 











‘purta | 
"LD eT UM purta x 





lu 





orn 


ot 


Lie 


of 
Ost 





ul 


ul 


og? 
ps so 


ol 


or 


8 


oot 


In 


oz 
oS! 





oo! 


ooS 1 


oCo7 I 
00g 


oleras | 


OOO! - 
of! 


oo7 I 
00g 


OO 
Sz 


oot! 


OOO! 
00g 
009 


o$z 
ooz 
os 


oof 
0007 
oot 


00g 


oot! 


oot 
oos I 
ooz I 


of I or? 


psso 


007 
oot 


Ooo! 
ooT! 


oot I 
folere) 
oozl 


oot 
oo$ I 
o0Sz 


Joog 


000g 


OOO! 
oof 1 


OO1 
ooz! 
ooos 





| 
ore Lis ess 
oof an 4 
8S ux 
d/sg 
° ue 
ot AY 
a iy: 
dops 
S gt 
oof Ag 
OL KP 
He 
“Q Cloré 
dgps 
‘7 
or = 
up 
aC 
are) 
4L JorZ 
dops 
“no a : 
oSg® 
259 














SWUA.L AdO MO'T—I NY AO SLA TAIL IAN 


F WTAVL 











104 








*A}ISUIJUT BRUINY aJoUap syayovIg t 





z v 
z _ or 
v z 9 
v CI 
8 
v 
I Ww 
i] iz ig it 
oy” 
pssg 








ol 
ol 


man 


° 
Oe 


a tin 


oz 
ov 
ol 


of 
00z 


WwW 


oof 
oo$ 





00g 


oof 
oo! 
009 


oof 
00g 
oor 


oC] g® 
pssg 


oor 
o0og 
00g 


of! 
009 
008 


0og 
oo$ 1 


or 
Cc 
ul 


00 
mo 


009 
Ww 
og 


uw 
8 


00g 
Ol 
oft 


Q 
uw 
ot 


oof 
I 00g 
Q 
oof 
fos oo71 
8 
Ol $ 
g z 
x 
Po 
OI 43 
of wi 
of! 
2 'g 


| 


oo! 


{1 
{1 


AT 
he 
AZ 


ug 

bab od 

*S 2 
dops 


‘I 
i> 


ug 
Kp 
HC 


u& 


‘9 AgZ 














panuyuoy—b ATAV.L 











105 




















I - Ww t - g S oz oF I 8 oF te 
g I ZI g - oF + Ol ooz zI oz I og AE 
I - St OL 0% ¢ I OSI oI o0oz oF AP dgA 
dops 
u — SI og {ost St of + my 
Ww — oz og = ot ol I = 9 QI HZ 
- ¢ ZI Sz1 Sr o% oor off w - + of of AE 
- ol of of 9 og oof OO! s — aV ot AD 
I uw oot of o0z PY gel ooz *S qyA 
dgps 
I I oz {1| a 
z - w oz ¢ ¢ - AY 
7 Wi z I zI - We, 
9 I + zI ob Zz I ~ *E 
SI ob of - gel - ae 
C1 OSI ZI ol *S Ne) 
oof Sz - %Q pA - 
dgps 
— fi I 8 8 ¢ g Sz ¢ — I of I Hz 
- z z z bv OU 9 oz [¢oS] I I F 007 me 
ela = - oz e  ¢§ oz + of os oSz th gt 
d/sg 
v oSz oS oz jo + of Az 
z z Ol 0g =6ook-Ss« ooh g I v 9 KE 
I {i z foS oS: oof I g g os “b q_X 
dops 
K My Me KE it ‘x Kg ig Mt ars Hr 8 Kz ‘¢ MF "Sg $ ne it HS ig an 
01,” 01 4 og? oT or” oS” 
pssg pss9 pssg pssg 259 



































panuijuwoj—F ATAVL 























ome) 


N 


ol 


N 


og 


ot 
og 


ot 
os 


fost 
of 1 


ot 
OS! 


uw 
ooc 


OI 
of! 


I 
I 
lu “> 
uu 
WW uu 
I 9 
¢ 
I 
{I 
4 I 
_ I 
lu 
a, I a 





ul 


0194 
pssg 


c 

w 

fo 9 

of Ol 

a - 
Ol 

Ol 

C1 Og 

Hb 86g 








uw 


9 


Ol 
9g 


oF 





ul 
: : uw 
9 
z {or 
Cy uw £ 
g i t 
ol uw 
8 
of ow 


oz of uw 
of of Ww 


oD 48 
of 

ot oF 
I 9 Oo! 

g C1 oft 
Siz tie hb iS 

oT gB 

pss9 





ul 
¢ 
z os xOr 
9 Gz o0z 
Siz KE Ab aS bale) 
oT or® 





oSg 














Panuyuoy—h A TAVL 





1 
ae 
Az 
ne 
*P ([oz 
dgps 
AY 
Az 
ne 
AY 
*S oz 
dops 
Hy 
HE 
“Py 
HG 
“Q AeX 
Ss 
HZ 
ae 
ab dg 
d/sg 


107 






































z | ¢ Sz o0z 00g OOl I ot “SUD 
| Q g ¢0z Ww iS ‘HPOTT 
t g Ss 9 I 2 “£601 
| uw I uw Ol HE SALQOT 
Og Lol 
l I - fi 00g KP KEQo 
I I I I I w wl z of “COI 
I I 1 ji I oz HP SKEDOT 
I I I I ~ | I I z Me ETOL 
. 4 Ee 4 | : + i * ZOl 
I I I I I I Og 9 Og oot = =00z of “STOI 
! I Rt | I | - - 09 AY SALOOI 
as = : = > 
© . | Ww | a 
S tu Ww I _ ~ | a | 
oz SI I . I _ = _ KZ 
o§ ~oS — - - ae 
Og OQ: 14 I _ 1 = ab 8 
00z zt - “— as 
| ySso 
aes I ¢ I z ¢ "y 
¢ g Ol I g ant _ Hz 
I z oz I o1 %&z “2 - HE qoX 
S$ ob of I w v Ay 
OI of of v z - s as AZ 
ce seis ; 
¢ 9 of v 1 - £  qoA 
dops 
I ars an ir Kz ig Ht wig my “iz Sig fit ss | Mz ar Ht ‘s ‘9 mg 
of hd of ef of g® oor” oS 2” 
pss9 p=s9o pss9o | psso 8) 











penuijuo,) $ WTAVL 


sci data TIT 














mn 


| 


++ 


N 


N 


ny = 


N 


ae] 


N 








ry 


Le | 


moO 


og 





lu 


ul 


N 





ol 


Oo! 


we 


oS 1 


oog 


of lor” 


pss9 


wy 
N 


oof 





Ine 


N 


+19 


ooo! 


oS g® 


289 





“PrP 
“tObl 
ME MHZOS Y 
ALQEY 
if MEIC YT 
19 SHSOE YT 
aCe y 
APPS] 
ACES y 
“SZEy 
AIT] 
AE AZOE 


‘ALO7] 


acer a | 


‘MIf> 
£2 


NIQZI 
t 


c 


- 


$ “fOr I 








panuyuwoy—b ATAVL 








169 









































z: , | col (6) "9 SMSTOT 
= | ¢ t HS HPTOT 
z . Cy oy AS SakOgy 
— = . = = I t | ¢ z ArOCT 
- Og ob A ASOS 1 
< ~ OI éI oz ) + APL CT 
_ ee _ ¢ oF ol 9 ASQCT 
- wi I z _ Q oc g 3 nECCT 
re . I - Ww ¢ ol Ol _ AtpSy 
- Ww z . uw oz C1 ¢ z1 APEC 
or Ol 
_ uw of Ci Sz I 
S oz z ~ uw I 
g or 2. 
- - I je uw z of ~ sa 
- — 5 409 48 Ol _ 
z ¢ Ww t ra | or v t 9 z 
¢ 8 . ev ¢ . ¢ 
- _ - ~ _ _ ¢ ¢ 1 ot 4s ol 
~ I _ ~ —_— ‘ : 7 Sz1 I oz 9 
fe z - SI _ \z] 9 
%) My) Sty ats it Hr Me HE Hp Hg Sy Hz KE ib ars Kz Hg Mb aes Mg mg 
oT” 0194 oT g® oT or® . oS gP 
pss9 pssg psso pss9 259 

















panujjuojy—t TTAVL 




















THE ARC SPECTRUM OF EUROPIUM 171 


TABLE 5 


MULTIPLETS OF Eu I—LOW EVEN TERMS 








6s6p 6s6p 6s6p 6s6p 
zip zp ySP zP 
515 $15 344 4 34 2, 4 34 24, 345 2u, Ty 
6878S 
e?S° 4, |1000 2500 2500 | 250 50 1 1 6 
(5d)? 
e?P® 5., | 800 600 m 4 
44 | 300 8 600 5 i = 
3% 1200 600 20 30 15 i i i 3 - 
6s6d 
e”D° 6,, |3000 
5% |1000 1500 m i 
44] 200 2000 600 15 3 i i ~ 
3% 600? 1500 8 8 - i i 1 I - 
2, 1800 8 - i i 3 - - 
6s8s 
f°S° 4] 50 80 100 2 3 - - ~ 
6s7d 
freD° 64, 50 
5 ‘9 I 5 5° 
41 8 50 20 i = = + = 
3% 20 25 - m - - m - - - 
24 25 3 - - - - - - 
(6p)? 
f°P? 5s, | E50 100 25 1 
4 80 = 50 2 12 m m = 
3% 100 20 15 6 5 - I m - - 
(6s)? 
a®S° 3, 3000 1500 |2500 150 300 {10000 8000 7000 |2500 1200 
6s7S 
BS? 3, 400 80 | 500 600 800 i i i | 500 40 
6s7s 
£S° 3, 50 50 | 200 60 80 i i i 15? 4 
(5d)? 
e’P? 4, - 40 — | 300 I 12 40 4 
3% 6 m | 200 50 200 8 = 20 = = 
24 40 400 2 10 40 60? - - 
6s6d 
ebD 5. ~ 30 300 200 
4y - 4 —| 125 10 30 40 10 
3% - 3 | 100? 150f 2 4 15 25 8 I 
25 ~ I I 2 5 I I - 
li 1 - _ - 

















t Blend. 
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TABLE 5—Continued 
6s6p 6s6p 6s0p 6s6p 
zp 2P y5p 2p 
Sis 45 3% 4 34 21 $1 315 21 345 215 I 

(5d)? 
fPD° s,, - 40 300 20 

4u - 20 40 60 500 m 3 100 

Be - 3 I 8* 200 I 8o 15 | 100 I 

2% 3 40 300 20 40 - 202 [2 

Ty 125 100 20 
6s6d 
gD° 5., I 50 600 1000 

4 m 30 20 | 300 «125 150 200 2 

oe 15 20 3. 500 200 8 250 20 I 2 

2 10 150 300 50 ~=6100 2 m 

Lie 400 100 m 
6s7d 
h§D° 5, - - 80 5 

Ax - m =| “or 25" 2 2 m 

3% - Re 12 6 - I 2 m 

2%, - 10 2 - 
6s8s 
5? 34 12 60 4 8 | 30 3 20 30 15 

| 

(5d)? | 
h®S° 3,, 8 6 20 200 [25]f 10 12 8 | 150 80 
6s8s 
PS? 34, = 5 lal 5 8 6 4] 15 4 
6s7s ; 
eS° 2, I 800 300 1 1] 400 300 500 
(5d)? 
or” 3, 4 4 2 3t 2 | 300 100? 

2. 60 15 m 2 | 250 5 300 

Ly 50 2 6oof {15} 
6s6d 
e®D® 4. m - - 2 300 15 800 

aa ~ a5 «(BO 10 3 | 150 [300] 

2. - - 10 I 3 10 300 60 

ee 2 2 40 100 

, fete) 
6s7d 
fSD° 4, ~ - > ws 20 

3% - 2 4 12 m 

25 15 12 m 

ti [4] 25 











* Blend with Eu m1. 
t Brackets denote furnace intensity. 
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TABLE 5—Continued 
6s6p 6s6p 6s6p 6s6p 
zp 25P y5P 2°P 
5% 4% 3% 4u 3 v4 3% 2, 3% 2% Iu 
6s8s 
PS” 2 = 12 5 - 15 20 «+10 
I> = - 20 2 - 2 
Qis) 24 10 I I 
3332) 44 = 12 4 100 8 
4° 200 8 4 
53% m ~ 4 20 4 : ny 
63% 3 - S 5st = - 
73% = 10 8 6 10 I m = 
834) 10 . = 10 = 2 
03K 15 30 8t 10 ~ m - 
OSi6) 4% ~ 4 St 2 30 
TT 3.5 4% T5 3 = = ‘ - 
129% 5% 30 8 20 
133% 5% | 30 5 10 
143.45 44 7 = 8 6 2 
1543) 5% [4] : 30* m 
163155 4% 20 — | 150 30 - 
17435) 5% 25 = 30 ; 
18° = 100 8 
193149 4% 4 . az e = re 

















6. TERM TABLE 
The terms and undesignated energy-levels which result from the 
present analysis are given in Table 6. They are arranged in order 
of increasing energy, but the components of a clearly established 
multiple term have been kept together for convenience. Such terms 
are listed in the order of their lowest levels. Odd terms are printed 
in italics. The unclassified odd levels are denoted by numbers from 
1° to 19°; the even ones, from 100 to 162. A few levels, whose reality 
is not quite assured, are marked with colons. All the sextet terms 
are inverted, while many of the octet terms going to the limit a’S° 

have both positive and negative intervals. 


7. LIST OF CLASSIFIED LINES 
All the lines which have been classified are found in Table 7, which 
gives in successive columns (1) the observed wave length, (2) the 
difference AX (O—C) between this and the value computed from 
the adopted terms, (3) the arc intensity, (4) the temperature class, 
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TABLE 6 
TERMS OF Eu! 
Desig. Level Diff. Desig. Level Diff. 
assy 0.00 1OT31, 28827 .83 
a? Dox 12923.72 ae 10241, 29045 .75 
3% 1 3048 .go sax. 14 
4% I 3222.04 "45.49 TO3 2155 3% 29124.78 
“6 13457 -21 on as * 
6% 13778 .68 rene Ss; 29517 .86 
2P 31; 14067 .86 495.71 T0435 43 29809 . 23 
4% 14563 .57 Fs le 
5% 15581.58 10541, 29838 .59 
aDi., T5437 G2 111.04 100335, 41% 29982 .44 
24 15248 .76 172.49 
3% 1542125 waa oe 30001 . 34 
4% 15680.28 pile 
ste 16079.76 = Si, 30619.49 
ZP 2, 15890. 53 —— 108316, 436 30042 .54 
3% 15952 31 6350 58 
ai 16611 .79 =. 1093), 30783 .64 
ZP3% 17340.65 366.97 2D), 30800. 71 hay at 
2% 17707 .42 338 bind 2 30797 .96 Pt i 
1% 17945 .49 . : ae 30841 .89 xl 
434 30901 . 74 nas 
aD) 19273.2 gniab 544 31014. 48 aor 
3% 19364. 50 97.55 
2% 19402 .05 81 } inxs ox 30819 .14 
1% 19543 .09 55.47 
“ 10599.10- shut IIIs. 30819.44 
5 a - 10 ; < 07 
b§D:,, 19447 .19 184.07 2° Das 30945 07 wer 
4% 19631 .206 80.89 3% 31138.11 244.45 
31 19712.15 an 31382.56 
ni mr 51.63 . ete 343.37 
24 19763.78 30.43 M% 31725 .93 201.17 
14 10794 .21 : : Sie 32117.10 - ‘ 
y'P,,, 21444.58 160.85 T1224 31107. 28 
33 21005 .17 ae 
. : 156.09 , 
4% 21761.26 : T133: 31116. 38 
1O03%, 4% 27852.90 S33 31217 . 30 
2 yy, 28519.97 hoe a 1144; 31553. 76 
244 28067 . 33 m4 79 ; 
3% 28918. 12 568 be 2F\, 31735.76 pe 
4% 29186. 32 426.37 11 31787.71 20 
eee 29612 .69 nae a6 4 31876.04 ae “e 
61 30211 .09 aie Pc 32003.17 181 pr 
1% 30923.71 ° 15 32184. 59 ons 
545 32418. 38 43 36 
eSi,, 28763.82 6 32761.74 STO": 
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TABLE 6—Continued 
































Desig. Level Diff. | Desig. Level Diff. 
0p 18 SS SP 5 2 
ae 31848 81 360.67 Ps. 35174.20 = 120.07 
$45 32209 3S 71.07 | 3% 3505 3.23 227.20 
a 32480. 95 Sas ae ia 35280 .43 pil 
11543 32130. 25 PDi., 35282 .22 115.04 
| 2 35.398 : 16 =. 20.22 
L1Os.55 535 32326.73 3% 35377 94 a Se 
: <P7 435-53 
$42 3501 3-47 — 352.73 
yeP ass 32398. 18 or ee 544 35400 .74 aa ali 
a“ 32506. 23 cies 
a 2048 352 18 Zr rac 
544 3204841 2°F ss 35453-23 | _ nog 3, 
46 35731. 50 — 349.34 
1175155 615 32598 .00 3% 36080 .go = 203 85 
sive 36284.75 ion pts 
11831 32681 .13 14 36501 .65 ate ma epi 
‘2 36586. 37 aie 
Po, 33786 .47 315.3 
34 34101. 78 bes.og | 125m 35612. 37 
4% 34725.71 
12424 35793 -54 
T1Q314 33879. 10 | 
| 1251 357602.12 
1 20314 33908. 77 | 
|| 1261 35799 .09 
I2I2y 33904 .87: | 
] 1 27a» 245 35041 .51 
I 244 34005 .73 | 
| eDi,, 30045 . 39 de 
23s 2% 34081 .16 2% 36072 .62 he AS 
ba a oo 25.02 
| 315 36007 .64 sad 
21.306 
33% 43 34126 . 42 | 1% 36219 .00 7“ 34 
34 36242 . 34 bp 
4° 34300 . 36 | 
T2821, 36052.59 
XP 55, 34316 .97 sy abi 
ae 34540.06 | no HT 12055» 4% 36071. 71 
ae 36005 .68 Sans 
1302155 335 3610785: 
ysp 
w'P,., 34366. 13 as: aie 
34 34501.7 a 13114 36334. 52 
24 3455582 , 
v'P 2, 30410.91 
: : — 20.47 
e"Dar, 34422.94 ee ™ 30381 .44 peti 
- P es) x > I 7 .39 
344 34440. 50 6.20 46 30548 83 
4% 34466 .So 28 ie 
SF ae 3 &o sp > 
5% 34505 55 shee u'®P,,, 360441 .77 19:06 
635 3454459 ; 4 36600 . 83 — ie 
4% 39504. 49 ~ 
12241 34738 .80 
| e°D 3, 30506 64 Behe 
&Di., 34913.59: 54.10 rt 3% 30589 .28 ea 10:44 
ay 34967 .69 : | ant 36608 . 42 a) 
é 66.29 || . : — 13.58 
33 35033.98 aoe | 1% 36622 .00 i 3 46 
ee 351004 ag | ‘ 366 30. 46 om 
34 35204.58 tine | 
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TABLE 6—Continued 








Desig. Level Diff. Desig. Level Diff 
VDu, 36586. 35 he an 14831? 38290.93 
244 30584. 25 apes 
nhs : 116.08 > S 
3% 360700. 33 189 . 23 T4054) 64 382092.17 
ep 30889. 56 ut ee 
3% 36867 .04 i 1505314 38305 . 20 
2°53 36659. 31 1514.5 38360 .67 
13251 37034 .83 1525155 615 3853417 
133.2% 37093. 74 y°Fuy 38565. 73 
2 s6572.65 | 
13.44% 37126.08 3% 38569 .48 ii 
3=8 10.90 
4% 35580. 44 1.36 
f°S3.. 37195 .76 5% 38581 .80 — 
6% 3585.73 | . 3°23 
13521 37206. 29 74 38585 .05 ; 
13054, 6% 37392.604 1534. 38661 .42 
13.72%) 3% 37502.42 1545. 38676. 75 
13831, 37504 .67 15.53% 38738. 68 
1.302% 3% 37574. 26: 1565, 38852 .45 
6p 2758 8 P,, > 62 
e"P is, 375°4 oe — 452.36 y°P 3. 38917 -62 — 104.69 
244 35037 . 34 oi ae 2% 39022 .31 én sean ae 
1 38245 .06 rae ng 14 39151 .69 Sel 
1403. 37589. 35 £°S2., 38933-74 
141 yy 37591.12 | 15 74% 38975 .04 
14255 37800. 42 y* Fou. 39063. 29 waa 
54 apeee.32 | 5 
143355 37812. 80 1 meses f° OS 
3% 39959. 57 ot Eapiae 
14.43% 37851 .66 21 39085.78 Realbier 
5 tars s — 43-54 
1; 39129. 32 = oe 
1454. 37908 . 73 b 39132.10 ne 
h8S3, 37003.98 xP;, 39126.90 
3% 37993 -9 344 3 ) — 52,33 
2% 39179. 23 = 99 60 
14631, 38072.62 1h 39278.83 
PD yr, 38167.10 as cane S35. 39242 .56 
34 fe || 
2% 38457.26 a oe fDi, 39267 .62 alae 
135 3853092 be - pe 31 3925473 ad 
; 38563 .98 ree 43 39300 ..13 tes 
3 ‘ x ‘ 3 . . os 216) 55 
3% 39332 68 Ye 
TA Tae 38262.81 ee 39309.19 a 
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TABLE 6—Continued 
Desig. Level Diff. Desig. Level Diff. 
1585155 645 39291 .36 TOT 4%, 5% 40838 .66 
h’D3., 39486 .20 = ae TO3%c5 43% 40093.18 
45 30491 .49 se “ae 
34 39496 . 56 oe LL EES 4% 41037. 58: 
2% 30500. 31 a 
ri. | | sree ues 162514, 645 41054.83: 
1592 0073.57 x°F., 1152.12 
5924 49973. 57 x Foy, pew te: — 32.00 
6% « 2 a. 
ope g : a 7-39 
yF 5, 40198 .00 oy 2.43 <1 41176.73 5.73 
; 0200. 43 at ae) 11 1171.00 eee 
se yest “ = ee yee 20 +o 
i pos 68 e 2.54 pees 1 2.00 
a ia ‘7 wie pe =e 
; 40206.71 ~ 3-34 wi _ 
M4 ana =f 
a 
) , - - 
x] 10217.90 MDs ye at — 10,64 
‘ ‘a be © . co" 9 4 ae? RS - R 
i 40223 .66 5-70 , 41201 21 ers 
02 7.35 S39 : 1208 .60 = 7-39 
2) pe 39 i 0.71 I! 4l2o. 
3 40230.64 Ree = Ape orcs 
14 40249 .05 ae 54 
Pi ar > ~ 
5% 40230 - 8.=2 T2415 53 41378 .47 
6% 40244.66 : 
134. 1 41 395.92 
f°P3, 40298 .02 
344 . - 550.009 ' 62.2 
4% pape: ii s80. 50 Fass 4 fIO3L . 37 
54 ’ 3-7! : . 
154%) 5% 42721 ..00- 
LOO4u, 5: 40302 .07 
103.5, 4% 13100 .06 
53% 40570 .00 
17, 43212 .006: 
63x 3% J0024.10 
18° 43406 .S2 
73 40050. 51 
TQ3%s5 44 43508 .006: 
Sy J0764.08 
Oy: J0708 . 31 























(5) the wave number, and (6) the classification. Only those lines which 
have been classified are here given, as the complete list has so recent- 
ly been published. When two or more predicted positions agree 
with an observed line (within the limits of resolution appropriate to 
its intensity), both are given in the table. Combinations which prob- 
ably contribute but little to the observed intensity are in paren- 


theses. 
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TABLE 7 


CLASSIFIED LINES OF Eu I 














" AN* Arc. Temp. Wave No. Multiplet 
Int. Class Vac. Designation 
9326.08 + 1 4 V 10719 .68 y®Py,—eP ey, | 
9085 . 33 + 1 3 V 11003.74 bsDi, —2*D2., 
GO87400). 5) ee55 + I 10 V 11006. 409 b§D?., — 2D, | 
O058.00s. 6 <6: — I 2 V 11036.94 b§Di.,—-2Di,, 
9024.33 ° 3 V [1078.11 b§D2.,—2°D3,, | 
9018.06 — I 5 V 11085 .82 b'D$,,—2°D::, 
8982.50 = es: 4 V 11129.70 b’D}, —2D,,, | 
8965.46 fe) 4 Vv 11150.86 b§Di,—2"’D.., 
8964.3... +0 4 V 11152.3 bSD4., — 1093:, | 
8961 .69 + 6 3 V T1155.55 2OF 5, — O41 | 
8935-59 = aes 5 V 11188.14 b’Dju — 111s. 
8934.42.. — 1 12 V 11189.60 b§D$., — 22D 4. 
8917.64 — 2 20 Vv 11210.65 bDSD4.,—2°D 3, 
20 2 , _ b&D3,,—z2° Da, 
8899.94... ai 8 \ [1232.05 (2°F., —fP2,,) 
8893.26 + 2 2 Vv 11241. 39 ZF... —f£P 5. 
8883 .03.. — 5 2 Vv 11254. 33 a’Di,—-2D», 
8880.81 —10 2 V 11257.15 vDi,,—2Di,; 
8870.30. ° 40 V 11270.48 bSDj,,—2D4:, 
8816.95.... — 2 4 V 11338.68 wD, — 2D, 
87OL. 1.4. — 4 6 V 11372.0 bDsy,— 110435 5: 
8790 88..... — 4 25 IV ? 11372.30 bSDsu— 11 T5154 
8789 .23.... + 2 3 V 11374.31 b§Do., —z? Ds, 
a 6 a 
8785 .06 + 0% 4 V 11379.84 7 age a 
8782.46.. + 1 10 IV 11383.21 b§Dj., —2°D;,, 
8773.30 + 3 3 V 11395 .09 b§D§u,— 11225 
8751.66 — 8 6 IV? 11423.27 ZP3,, —CP S$ 
8749.62 + 2 4 V 11425 .94 b8Dj.,—2" D3, ' 
$743.83.. — 3 10 V 11433.50 aD, —2D.1, 
8727.77.. + 1 30 IV 11454.54 bSD:.,-2D 4, 
8710. 39.. ° 2 V 11477.39 aD}, —2D3;, 
8704.50.. — 3 6 IV 11485.16 b§D§u, — 113.1 
8665. 21.. ° 4 IV 11537. 2 aD ).,—2D,,, 
8658 .55.. + 7 2 V 11546.11 D3, — 111s 
8642.67 — 2 200 IIl ? 11567 .32 bDs., —2Ds,, 
8641.69... + 1 6 IV 11508 .64 aD), —2D 3, 
8632.8 ae — 2 I V 11580.6 aD), —2"D», 
8631.74... + 1 4 V 11581.97 2°F 444-95 
8507.10. — 1 15 IV 11028.52 wD; —2D,:, 
8514.65... ° 8 IVA 11741.24 aD), —2°Ds5:, 
8507 34: ...2. — 2 2 V Li7Sh .33 b' D3, —2° Dy, 
8404.71 — 5 40 IITA 11810.51 P31, — OS 31, 
8450.1... + 8 2 estat 11830.9 ZF 5, —f£°P Sy, 
ARE es arated +10 I V 11843.0 aD oy, — 11.33% 
S377T200..... — 2 20 IV 11941.58 bD?, —2 Fi, 
BASEN COl,... 5 < ° 10 IV 11993 .50 b’D?,, —2F 1, 
BONA AT cckcce + 1 2? IV P 12023.92 b'D3, —2F 1 
827002. < oc «0 - ° 10 IV 12081 .83 b’D?,, —2F x, 
ee 2 ae — I 15 III I2112.28 b§D3,, —2F 2 




















* Unit 0.01 A. 








$226 
8212 
$209 
8188 
8108 
$133 
S080 
8050 
8015 
7908 
79090 
7903 
7890 
7887 


7882.3 


7874 
7848 
7830 
7818 


7803 .. 


7759... 


7740 
7742 
7710 
7708 
7797 
7627 


7003 .° 


srw 
rn hn 
Rw wW Ww 
CON WAIN W 


“Is 
y 
ie) 
ne 


7507 
7491 
7481 
7470 
7450 
7444 


7430. 


7404 
7404 
7402 
7399 
7304 


7392.7 


7389. 


Ns bt W& 


wan ok fhuwmn~ 


Omnn = OW 
OomOon nn 


Own Oo 
New rn ON 


7O 


“IW 


59. 


OIE aso 4 
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TABLE 7—Continued 

m Arc. Temp. Wave No. Multiplet 

AX : ; 
Int. Class Vac. Designation 

— I 250 II 12152.04 ZP,,, —e Shy 
—12 I 12172.8 aD; — 10035) 435? 
=a 500 II 12177.22 Z®P;,,—e*S3, 
+ 7 2 Y 12209.5 ZK  — 1395 5x 
— I 30 III 12239.40 bDSD3,, —2F 3, 
— 4 5 IV 12291 .08 b§D3y, —2F3y 
—12 3 IV ? 12372.1 b’D§,, —2F 3, 
— 2 6 IV 12418.13 b® D3, —1154% 
— I 50 Ill 12472.45 b§D},, —2F 3, 
— 2 3 IV 12499 .02 D3D 35 — 115435 
ok 4 IV 12545.15 y®P4,— 4° 
— 6 I V 12553.42 b§D§,, — ZF y 
=— 2 5 IV? 12669 .95 b§D2y, — 2!’ Dox 
— I 500 I] 12674 .02 ZPiy, —C°S5y, 
— 2 30 Ill 12683.10 b§Ds,— 11544 
+ 2 3 IV ? 12095.44 DD oy, — 1164355 5% 
— 5 8 IVA 12737.48 b§D2,, —ZF 3 
+ 1 i IV ? 12766.90 b& D3, —y"P 31 
— I 40 IT] 12787.14 b§Djy —2F 5. 
— 2 50 IITA 12811.54 BP3,,—eShx 
— 2 4 IV 12884 .12 bSD$,,—y"P», 
+ 3 500 I] 12906 .02 BP yy, — OSS 
+ 1 300 I] 12912.06 ZP2,, — eS}, 
— 5 4 IVA 12905 .06 bSD3y,—y" Pos 
— 7 I V 12969 .09 DDS. — 118335 
— 7 I V 12971 .30 DD: —2F 5, 
— 2 8 IVA 13100.60 aD, —2°F y: 
— 2 6 IVA 13147.58 aD jy, — 10134 
+ 2 I IV 13149.00 b’Da.,—y"P, 
+ 3 1000 II 13182.19 ZP;,, —eS), 
— 3 8 IIIA 13237.80 aD5,, —2°F 3. 
— 1 40 ITA 13246. 10 aD$,, —2°F2 

2 30 ITA 13271. 2 Do, —Z°F: 
— 1 4 IV E3292 74 y*P,,,—eD§, 
— I 400 II 13278.85 Z°P3,, —e°S3, 
— 2 8 IV 13292.01 y®P,.—eP3; 
— 2 20 IITA 13314.58 DD 5. — 23F 615 
— 3 8 IV 13357220 bSD4,, —y”?P 

° 30 IV 1334568 y®Py,—eDy 
— 4 2 IV 13362 .60 y®P;,, —e Di, 

° 50 ITA 13382.25 aD?., —2F in, 
+ 3 5 IITA 13418.51 aD$,, —2°F ay 
— I 15 IV 13428 .82 y®P3,—eE DS, 
— 1 200 II 13443 .33 y®Py, —eDs, 

° 15 IV 13501.22 DBDs, —yP ss, 
"3 40 II 13501 .75 y'P34—-e€D4, 

° 4 IVA 13506.04 BDoy —2°F yy 
+ 1 4 IVA 13509 .87 2P24, —£S3,, 
— I 12 IV 13519.19 y®Py,—EP iy 
— 2 5 IV 13523.14 y®P2,—e Di, 
— I 150 II 13529.62 Do, — 2° Fy 
+ 1 20 IIL A 13532.91 aDi,—2PF 5, 
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| 
| 
| 


2) 


ohum ft 
oO 


~~ 


on 
oC 


PTTACAD Ns pi9.3 


7106.48. 
7974-54... 

FOAO BOS 6 0.205 
FORO. 23.05.24 
0073 3346 cic. 5 ks 
OOAF AQ .:6: 6s as5 
6034 -3-- 
6914.82. 

GO1G> 57... 
6908. 77....:. 
6903.67... 
6808. 21. 
6890.75 
6864.54 

6847 .04.. 
6844.83... 
6840.93 
6834. 30.. 

“Co Te Os ea Reet 
6822.61 
GSTO200. 3. se 
OBO 292 sic cists 
6787.48.... 
6784.87T 
6782.7. 

6782.: 
“Clr prc dw. 0. nee eae 
6758.53.. se 
CE ie oe ee ge 





A* 
+ 1 
+ 1 
° 
== 55 
= 
ol 
ana 
+ 1 
<i 
=> 2 
+2 
ol 
ae 
= ie 
= pee! 
oi 
—— 2 
+ 1 
= 1 
+12 
of. 
+ 
be 


ot AR ees 
KP OnNOFP RF AOD IOAONWONnKNKHKHNNHNHK KR OKRNHPOK ORS 


| 


_ 





Arc. Temp. Wave No. 
Int. Class Vac. 
600 II 13565.53 
10 IV 13569.02 
80 II 13579.07 
25 III 13589.41 
20 III 13008 .64 
I— V 13616.7 
800 II 13627. 32 
100 ITA 13669. 34 
40 Ifl 13075 .27 
20 IV 13099 .44 
40 III 13729.59 
200 II 13765 .06 
80 Ill £3772. 74 
20 IV 13792.96 
100 Ill 13837 .63 
IS? IIl A 13876.57 
200 II 13932.38 
15 IV 13933-4 
40 Itt 13953 .50 
4 IV 14022.7 
6 Vv I4051.97 
\VE 4951.97 
1500 I 14007 .79 
150 ITA 14131.30 
2500 IT 14200. 24 
3 IV 14208. 25 
8 IVA 14330. 38 
2 IV 14389 .72 
2 Vv I4417.1 
150 ITI 14457.71 
50 III 14467 .44 
ite) IVA 14470.50 
1000 III 14481 .06 
150 Ill 14492.52 
3 IVA 14508. 21 
3000 I 14563.61 
100 Ill 14600 .83 
200 IIIA 14605 .55 
200 III 14613 .87 
100 III 14628 .05 
I IV ? 14635.8 
20 IV 14653.11 
800 IIA 14667 .19 
2500 II 14095.95 
300 III A 14728.95 
4 IV 14734 .62 
20? IITA 14739 .3 
600 IIA 14739.68 
8 IV 14761.66 
8 IV 14792.04 
2 IV 14797 -97 











Multiplet 
Designation 


2P,,,—@S$,, 
yP;,,—eEP2,, 
aD, — 10134 
y*P2,—eD3;,, 
y®P.,,—e®P3, 
yPy, —fD5,, 
2P2,,—e'S$ 
D>, —2°F 34, 
yP3,-eEP 4, 
yP,,—fD3,, 
AP,,,—OPS,, 
D3, —2°F 4 
yP3, —PD§,, 
yP;,, fDi, 
y®P2,—f Di, 
ZP 3, —PShi, 
D5, —2°F 5; 
y*P.,, —f®D3§;, 
yP., —f8D5,, 
b'D3,, —x8P2x 
(y'P,4—fDiy) 
a8S3, —2P3y 
aD3,, —2F 65, 
Py, — OPS gy, 
y*P3,,—-fDj., 
y'P,,—g°D5., 
b®D§:, —x®P3., 
DS — 1103% 
Py — BD. 
yP3,—2Dsy 
b§Dj., —x°P3:; 
y®Pyy,— 2° D5 
y'P;,,—g°D5., 
Z©P3, —eMP 3, 
aS ju — 20 P 4, 
y*P,—g8 Din, 
ZP 4, — £55, 
y'P3,,-2° Diy, 
y‘P.,—g*D2., 
aD}, — 12034? 
y®P2, —g8D§;, 
2P;,,—e°Ssy 
2°P 3, — eM S45 
ZP.y,—e°S3y, 
b' D3 — wP 4? 
BD eu, — 1104565 515 
a® D2, —I1I5y 
b§D?.y, — wP.s, 
b§D3,, — w'P 2, 
b§D>., —w'P3y, 





¢t Wide line—King. 
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TABLE 7—Continued 








= Arc. Temp. Wave No. Multiplet 
? ” Int. Class Vac. Designation 
6744.88... +... ° 600 II 14821.98 a’D3,,—2°Dyy, 
GFARIOL- ob <i + 2 2 IVA 14828.5 a®D$,, —x°P3,, 
6735... “= 3 IV 14843 .7 bDSD 34, — WP ag 
6732.36 + 2 4 IV 14849.54 b§D3,, —w'P3., 
6710.45 + 1 30 III 14898 .03 y®P,y — 2°53, 
6701.06 + 2 20 IITA 14918.90 b’D2,, — w'P,., 
6695.84 == 2 4 IVA 14930. 53 b§D5., — w8P3., 
6693.96. ° 1500 II 14934.72 a’D:,, —2D5,, 
6085.21. + 1 400 II 14954.27 Z°P,,,.— CSS, 
6682.00 — I 15 IV 14961 .5 y®P;,, —e°Dj;, 
6681.6 — 6 I IVA 14902.4 D5, — 1083165 456 
6671.89 — J 10 IV 14984.13 y®P;,, —e°D3,, 
103 a, eee — 7 I IV 15003 .4 y®P;,, —e°Di,, 
6640.8.... —- 7 3 IV 15054.3 yP 3, — B53% 
6623.72 = 9 3 PS 15093.10 aD§., —w° Py, 
—! : aD3,, —wP2.,? 
6623.3 Pio. I IVA 15094.1 fle oy 
6621.22. + 4 3 IVA 15098. 79 bSD3, — x” Py, 
6619.19. — 3 6 IITA 15103.42 aS D4, — 109315 
6603.7. — 2 10? Ill 15138.9 a®D$y, — 11045 535 
6603.55. — 2 200 IIL A 15139. 20 #D$.,—I111s% 
6601.1... —4 3 IV 15144.8 y®P2,, —e°D§,, 
6593-79 ° 400 Il 15161.60 aD)., —2D,,, 
6592.9... + 6 2 IV 15163.7 y®P2,,—e°D3,, 
6587.0.. +10 2 IV ESER7.2 y®P.,, —e°Diy, 
6581.0.. +10 I IVA I5I1Q1.1 a®D§,, — w’P 2s, 
Os; 3... — 3 2 IVA 15197 .3 a°D,,, —w'P 3, 
6570.70. ° 2 III 15214.7 y* Pa, — 2°53 
6567 .87.. + 1 600 II 15221.44 aD5., —2D yy, 
6501.17. + 2 20 IITA 15236.98 BP, —eP3,, 
6549.12. = 4 60 Ill 15205.02 2P3.,—PS3y 
6543.2.. —12 2 IV 15278.8 b§Ds., —x8Py, 
6530.02: . — § Z IVA 15288 .60 a®D§., — w8P31, 
6532.96. + 1 6 HLA 15302.78 aD, —2? Dy, 
6522.72.. — I 80 III 15326.80 ZP2.,—fS3., 
6519.59.. + 2 - 600 II 15334.16 Di, —2D5:, 
6507.60.. — I 3 IVA 15362.41 aD5., — 10031, 
6501.55... ° 300 II 15370.71 aD, —z3Da, 
6483 .02.. — J 100 II 15420.06 aD), —2D 3, 
6470.55. + 2 20 IIA 15430.06 aD oy— 11335 
O470. 70:.,.., — I 80 ITA 15450.02 Z°P,,,—eSS, 
6469.65... — 2 I IVA 15452.52 aD}, —x8P yy 
6467.44. + 1 10 IITA 15457.81 aD§.,—2D3. 
6457.96.. ° 600 IT 15480.50 vD5,—2D4. 
6439.93... -— 1 60 II 15523.84 a®&D§,, —2 Das, 
0435): 35)... ° 8 TIA 15534.89 a8D5,, — 109315 
6429.44 + 2 2 IITA 15549.16 a&D>..—2D.a, 
6428. 209. ° 300 II 15551.05 aD3.,—-2Diy 
6413.19. —1 I IVA 15588 .56 a? Do,, — 1024y 
6411.32.. + 1 600 IT 15593.11 a&D%,, —23D3 
6410.04.. + 1 1200 II 155906. 22 a? D9, —2°F i, 























182 HENRY NORRIS RUSSELL AND ARTHUR S. KING 


TABLE 7—Continued 





m Arc. Temp. Wave No. Multiplet 
. = Int. Class Vac. Designation 
O40OUTT.2.25../. ° 200 I 15605 .79 aD iy, — 10131, 
6400.03... ..: ° 1000 I] 15618.42 a°DS,,—Z°F 2, 
OSBO SOs. ck ° 15 IIIA 15646.16 a®D2,,—z°Ds,, 
6383.86 ae 500 II 156060.18 a’ Di, —z°D,,, 
6382.73 + 1 300 II 15662 .96 a®D?,, —2D,,, 
6373.34. ° 10 IITA 15086 .03 a&D$,, — 11 225, 
6309.6 ae ? IVA 15695. 2 a® DS, — 11.33% 
— glo — 70k 
6369. 25 * = 400 I 15696. 10 rh le 
6366.76 + 2 4 IIIA 15702.2 a® Di, —ZD4, 
6300.83. — 1 I IVA 15710.88 aD§., —2"D3,, 
6355.89 ° 300 Il 15729.10 aD, —2F yy, 
6350.04 + 1 1000 II 15743-59 a”? D3, — ZF a, 
6335.82... ° 400 II 15778.92 a’ DS, — 1013 
O424 Ae... ° 40 IVA 15807. 36 a®D?,,—2°D., 
6318.58 ° 30 III 15821.97 b§D3,, —2°F 3. 
— yp — epbPp 
6317.87 a : 3 IVA 15823.75 a 
6313.78 ° 100 IITA 15834.00 a’ Dé, —Z°F 5, 
6308.1 +12 2 IV 15848 .3 b§D3,, — 1.233% 
6304.00 — 3 (5]t IVA 15858 .6 a8D3., — 11224, 
6300.42 + 2 20 IIIA 15867.58 a’ D3. — 1133. 
{10 — 7l0of 
6299.77 a 2 800 IT 15869. 22 Piguet N 
6298.08 ° 2 IV 15873.47 aD ou — 1144 
6200 -90s65- ace ° is IIA 15889. 34 aDs.,—2"D3. 
O20D. Base « + 2 300 IA 15890.48 aS§, — Z8P 2. 
6288.95...... — 1 30 III 158096. 52 ZP3,,—eP3. 
6287.45 —4 I IVA 15900. 31 b§D§., — 1233% 
6285.95.... ° 80 TIA 15904.11 aD5,, — 1013); 
6283.87 05.6655 — 2 I IVA 15909 . 37 b§Di, — 1242. 
6266.05.45... m.. ° 150 IA 15952.32 Sou —2P3y 
6264-00: -.::..; — 1 15 IIIA 15958 .31 2P2,,—e?P 5, 
6263.42 ....5- ° 20 IIIA 15901 .31 D3, —2° D4, 
9202695). esa ° 1500 IT 15904. 29 a? DS, —2°F 4, 
6260.16. — 3 4 IITA 15969 .63 aDoy,— 11 22% 
O256265.. «.... 12 — I I IVA 1598r.14 b§ D3, — 12334 
0280.09 52a + 1 150 Il 15994.38 a°D5,, —2F 3y, 
O240 285 <8 ° I— IVA 15990 .84 a? DS, — 1024, 
6245.91 I 10 IIIA 16006 .06 bD%., —2F s., 
6240.71 ° 8 Ill 16019.40 b'DS,, —Z2°F 4 
6233.73 ° 125 Ill 16037. 33 aD%,,—2'’De; 
6230.51 + 1 40 IITA 16045 .62 aD§., —2°D;., 
6218.80 + 2 I IVA 16075 .83 a D3, — 1032, 3% 
6209. 35 >. 10 ITI 10100. 30 b§D§, —2°F 4. 
6207.60..... ° 50 IITA 16104.84 Ds, —2F 4, 
620865) <...4. — 2 2 IV 16120. 29 DP iy — 13x 
010604. 8.568 — 1 2 IVA 16132.54 D3 — 11445 
O10S 745 csc ° i— IVA 16135 .07 DP ry — 236, 2% 
0505.07 65 os. ° 600 IT 10137.41 a? D3, —2°F 4, 
6103.00... ...0. — 2 2 IVA 16140.46 y®P.,,—e°P3, 




















t Brackets denote furnace intensity. 
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TABLE 7—-Continued 








r AN* Arc. Temp. Wave No. Multiplet 
Int. Class Vac. Designation 
GYOE 2752.95.45 — I 5 IV 16147 .32 b§D?., — 12715, 2% 
GIGS 5ckc4 2 — 3 2 IV 16150.4 aDiu, — 12334 
OTS P3505 6 — I 1500 II 16155.51 a? Do, —2°F 5 
GUSGH AR «60a xs — 2 2 IVA 16159.90 a°Dioy, — 12421 
GISS 27%. 000s — I 5 IV 16162.98 aD —12515 
GI7OO3%... 22%. ° 2 IVA 16177.73 b§D3,, — 12714, 24 
6178.76 — I 150 III 16180.01 aD §., —2°F 5 
6171.17 + I 2 IVA 16199.91 a’Dy — 1261, 
OL70. 72. ..<.. — I I— IVA 16201 .09 al D3. — 10321, 334 
OLO4. TAs oc-0 5 + 2 4 IV 16218. 39 a’Doi, — 125115 
GESS. FE cs srs. + 2 10 IV 16232.68 y®P4,, —h®S3,, 
6155.36.. — I 15 IV 16241 .52 a’Di, — 12424 
6153.27.. — 2 40 IITA 16247 .03 aD3,, —11643;, 5% 
GIS? 04... - 5+ — 2 2 IVA 16247.91 aD3., — 1233135 
ct ap | ar + 1 4 IVA 16255.38 aDiy,— 1261, 
6149.28... ° 5 IVA 16257.58 2P3,, —eP4y, 
6149.00.... + 2 I IVA 16258. 32 b§D%., — 128213 
6139.15.... — I 6 IVA 16284. 40 b§D%,, —2°F 43 
6133. 26: . + 1 I IVA 16300 .04 a®DSy, — 12515 
6126.82 — 2 2 IV 16317.17 bSDs., —2°F 3 
ue? Ly ar fo) 150 I] 16322.90 D5. —2F 34 
GEO. 95s os os — 2 2 IVA 16337 .00 aD3.,— 1261 
OLES. TOs sco fo) 400 II 16338. 61 Ds, —2F 5. 
GEES. EWscc. 2s 36 + 2 6 IVA 16340. 40 b§D§,, — 1282 
6111.00 + 5 2 IV 16359.42 b§D3,— 1.203%, 45 
6108.15 ° 150 III 16307 .05 D5, —2F yy, 
6107.S%..... ° 15 IV 16368. 76 b§D3,, — 2131, 
6105.67... I I IVA 16373.70 2 Poy — 235, 2% 
6102.81 ° 2 I\ 16381 . 37 a’ De — 1054 
6100.05 + 1 12 IV 16388. 78 y®P3, —h8S§., 
6099. 35 ° 1200 II 16390 .66 a’ D§,, —2°F 51; 
ne {ato — 70k 
6083 .84.. = a 1200 II 16432.45 \ Pe eb 
6080.94... + 6 6 IV 16440. 28 b§D4u,— 12034, 442 
e ( a8 ae 
6077.38 beste 100 Ill 16449 .91 ope aie 
6075.58). 525%. ° 300 II 16454.79 8D}. —2F 2, 
GOOF A 3Os. «5 ca: + 2 10 IV 16458. 26 aD). —2°F 4, 
Otol s ae ae —10 I IV 16490.8 bD§Di, —2°F a, 
6057. 26.....5. + 1 600 II 16504. 28 aD). —2F 1, 
6052.80:...... ° 8§ IITA 10510.47 Ds, —y"P yy, 
6052.23... — I 5 IVA 16518. 27 BD8,,— 117515 6% 
GOST. 2865.55. + 4 6 I\ 16520.86 b§Ds, —Z2°F a, 
6044.66....... ° 250 Il 16538 .96 aD>,, —2F i, 
6040.87... Bas 8 IV 16549 .33 y'P.., —h'S§,, 
6040.05.... + 2 I IVA 16551.58 ZP;,,—e°S3y, 
6033.08... + 1 I IV 16570.70 b§D3u,— 13115 
6032.42.06 6 is “+3 10 IV 16572.52 b§D}y, —2°F as 
GO2G:J00s 06-0 ss ° 600 I] 16581 .92 aD>., —2F 3. 
6027.08....5.. ° I IVA 16587 .20 al? D3y,— 10431 4% 
GO26BE ss cca + 5 2 IV 10592.62 y®P2,, —e° Poy, 




















§ Blend with Eu 1. 
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TABLE 7—Continued 
r ra* Arc. Temp. Wave No. Multiplet 
Int. Class Vac. Designation 

6023.15 + 1 250 II 16598 .02 aD?,, —2°F\, 
6018.15 — I 2500 I 16611.81 a®S3,, —ZP 3, 
6016.40... + 2 4 IITA 16616 .64 b§D?., — v8P 21, 
6016.07 + 4 8 Ill 16617 .50 b®D&,, — v°P;:, | 
6015.58 — 2 150 Ill 16618 .91 aD? —2°F 3, | 
6012.56.. + 1 400 II 16627. 26 aDS., —2F 2. 
6012.20 + 2 300 IT 16628. 25 Z°P.,,— eM Po 
6005.8 — 7 15 III 160640.0 aD, — 13024, 34 
6005.61 — 2 60 ITI 16646. 50 aD§., — 1104.5, 51 
6004. 36 a 300 I] 16649 .90 aD}, —2F iy, | 
6003.02 + 2 50 IIA 16653.08 Z°P,,, —PS3,, 
5994.31 + 4 I IVA 16677.88 b®D3., —u'P2,, | 
5992.83 — I 1500 Il 16682 .00 aDs,, —2°F 6; 
5990.65 + 1 I IV 16688 .07 a®DS,— 1 282% 
5986.84 + 3 8 IVA 166098 . 69 b§D$., — v’P2y, | 

a 46 age 
5983 78 rs ¢ 60 III 10707. 23 dept aes 1% 
5983.14 fe) 80 IITA 16709.01 a®D3., — 11541 
5980.47 smn: 30 ITT 160710.47 aD§,, —Z°F 3:, 
5979.99 + 3 6 HIA 16717 .82 aD5,, —y"P3y, 
5077.41 + 2 2 IVA 10725 .03 Z°P 34, — 13% 
5975.80 a> 23 I IVA 16729. 54 b§D§,, — WP. 
5973-71 <a 5 IV 16735 .39 aD, = 1311, 

+ 1 D5. —2Fs., 
5972.75 <— 8} 800 II 16738.08 < (b§D§,, —Z°F 1,,) 

+ Q! | (a®D§,, —2°F 21, ) 
5071.00 ° 60 III 16741 .05 wDi,, —Z°F oy 
5970.87 ° 6 IV 16743 .35 aD ., — 13025, 34 
5968.43 =i 40 Ill 16750.20 b§D3., — v°P3., 

5967.10 ie 2500 II 16753.93 fa®D54, —20F 6, 
< /- +17 sek 499 3 (aD... —25}',,.) } 
> qld — 

5064.85 : 1 | IV | 16760.25 | {ampi*— 1060, 
5903.76 = ae 400 I] 16763 .31 aDj,, —2F yy 
5955-75 <2 8 IV A 16785 .86 DP 315, — Bisse 435 
5954.28 + 1 60 HI A 16790 .00 b’Di., —y*Das, 
5953-97 — I 80§ IV 16790.87 a°D?,, — 13 11% 

— 3 { bDi., —y*Du, 
5953.49 ++ 4; 60 ITI 16792. 23 <(b§D§,, — uP.) 

— 2) \(b§D?,, —2°F .,) 
5951.22 — 6 2 IV 16798 .63 aD$.,—1293%) 4 
5950. 37 + 2 2 IV 16801 .03 y*P2y, —eP 3, 

96 0 _ »f 
5942.72 + ; 150 Ill 16822 .66 ‘ Set 
f 8 Ap 

5937-77 Pe 15 IV 16836.68 (eDe ute) 4 
5927.03 + 1 I IV 16867. 19 aD? — v’P 2, 
5926.52 fo) 300 III 16868 . 65 Ds, —y"Psu } 
5925.30 — 1 40 III 16872 b§DS., —y*D2., 
5024-01... ° 15 III 16873. 23 b§D$,, —u®P 4, 
SOUTER TA. 2 3 fe) 800 III 16899. 38 2°P =, —eP 5, 
5914.606.. + 1 20 III 10902 .47 aD, —2F i, 
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TABLE 7—Continued 








r An* Arc. Temp. Wave No. Multiplet 
Int. Class Vac. Designation 
5909.94....... -— I 60 IITA 160915.97 a§D},, —y"P 34 
5909.41.... + 3 10 IVA 16917 .49 b§D§,, — v3P 4s, 
5908. 76.... +1 8 IVA 16919. 35 aD3., — v°P3, 
5902.77.. + 1 125 IT] 16936. 52 b§D3,, —y*D3:, 
5895.31 ° 40 III 16957 .95 aD?., —2°F iy, 
5891 . 30 + 3 10 IV 16969. 409 b®§D5,, —u®P3, 
5888.72 ° I IVA 10976.93 aD}... —yP3,, 
5885.15 ° 10 IV 16987 .22 aD. —2°F,, 
5884.83 I 15 IV 16988 .15 b§D;.,—y®D3,, 
5880.42 — I 1§ IVA 17000. 89 aD), — 1183. 
5874.87. fo) I IV 17016.95 aD§., —v°P3y, 
5866.67 + 1 40 IIL A 17040. 73 a’? Dé, — 11151 
5864.77 + 6 40 Ill 17046. 25 (a°D§., —v'P2.,) 
5860.97 ° 80 III 17057.31 b’D%,, —uwP,, 
5856.95 + 2 20 Ill 17009 .O1 bSD4., —y®D5:, 
5854.13 + 1 I IV 17077 .23 a°D§,, —wWP2, 
5852.42 + 2 3 IVA 17082 .22 ZP;,,—e”DS,, 
5846. 37 — 2 I IVA 17099 .gO ZP;,,—e”D3., 
5845.77 — I 50 III 17101 .66 b®D&., — v8P 4, 
5843-55 + 2 12 IV 17108.15 a°D3., — V°P3 
5838.03. — I 15 III E7124 039 aD, —y8Du, 
5832.68. — 2 I IV 17140 .04 aD§., —uwP,,, 
5830.98 ° 5000 II 17145 .03 a’ Dé, —Z2°F 1, 
zip __f8C 
5829.49... si 7 50 IITA 17149.42 Goon) 
5820.80 — I 25§ IV 17175.02 aD§.,—y" Psy, 
5820.03 + 4 50 III 17177.20 b&sD5., —y*D,., 
5817.65 ° I IV 17184 .32 a°D$., — V°P yy, 
5805.68 fo) 20 III 17219.75 aD,.,—y'Da., 
° a®Dé., —2D5;:, 
5800. 27 {— I> 800 II 17235.81 + (b&D3., —y®D,.,) 
+17) (a°D., —u*P3.,) 
5792.72 + 1 50 ITI 17258.27 b8D)., —y®D,,, 
5792.08 + 3 I IV 17200.18 2P.,—@€D3., 
5789.41.. ° 1 IVA 17268.14 a§D}j., —y"Ps:; 
5783.69.. + 1 1200 II 17285. 22 Z°P,,. —e MP3. 
5778.90 ° I IV 17200.54 b§D4,, — 133215 
5769.88 — 1 I IVA 17320.59 2P,,, —eD3., 
5769.56.. + 1 3 IV £7307. 85 aD%., —uwP3, 
5760.80 ° 3 IV 17335.84 aD3,,—y*D;., 
5765.20 ° 2500 I 17340.65 a®S$, —Z°P 3x, 
5758.03 — 1 I— IVA 17362.25 a? D2, — 111534 
5744.30. ° 12 IV 17403 .56 b®D$., — 13251 
5740.9 — 6 I V 17414.1 b§D3u, — 1344. 
5739.000 + 1 400 III 17419.82 b§D3., —y*D,,, 
5730.61 + 1 12 IV 17427.07 aD3..—y'D3, 
5731.56 — 2 6 IV 17442.43 b’D&, — yD, 
5730.87 ° 500 II 1744453 a? D3, — 2D 4.5 
5728.20 ° 12 I\ 17452.66 ZP,,, —fDS, 
5721.87. + 4 I IV 17471 .97 bDou, — 13524 
5718.81 — 1 8 IV 17481 . 32 y*P3,—PS3y 
5714.39 — 1 I IV 17494.84 b'D§.;, — 13441 
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TABLE 7—Continued 








s Arc. Temp. Wave No. Multiplet 
g - Int. Class Vac. Designation 
SIO WEOOR.¢ ssh; —4 4 IVA 17514.76 BP 4, — 325 a 
BRR Fo co ha —I1 I— IV 17550.4 a D3, — 13321? 
BOOACOS:¢ a5 Ys: — 2 I IVA 17557.33 a°D:,, —2D;,, 
5692.68 a + 1 I IVA 17561.506 a®D$., — 1003, 
5688. 38 — I 20 IIIA 17574.83 2P.,,— fDi, 
5684. 240. fe) 80 Ill 17587 .63 b'D 81, — 1325. 
5682.25 ° I— IVA 17593.79 wD), —y'Ds., 
5681 .099. + 1 100 IT] 17597 .30 a®D%,, — 11 Isy 
5674.08.. Oo 10 IV 17616. 33 aDi., —y®D,,, 
5673.85 ° 600 II 17019 .84 a’ D5, —2D3,, 
5671.53 ° I— IVA 17627 .05 2P,,,—eD3.. 
5670.1 + 6 I IV 17031.5 a°Doy, — 1332, 
5668 . 23 + 3 6 IV 17637 .31 y®P;,, —1S$,, 
5665.35 + I 8 IIIA 17046. 28 Z°P,,, —eP 4, 
5657.57 — I I IV 17670.54 ZP,,, —f*D}., 
5654.65 + 1 10 III A 17679.07 a°Djy — 2D 
5651.11 ° 30 ITI 17690.74 2P,,,—f*D3,, 
5650.28 ° 8 IV 17693. 34 2P;,,—e D5, 
5649.88 — I 8 IVA 17694.59 ZP4,,—4° 
5645.795 + 1 1200 I 17707.40 S$ — Z°P ay 
5640. 22 + 1 5 IV 17724.90 y®P,,, —h' D5, 
5638.41 —I1 2 IV 17730.59 y®P4,—h®D}.,? 
5635.16 + 3 2 IVA 17740.81 b’ Do, — 13834 
5632.54 fo) 600 I] 17749 .00 a®’D;,, —2D., 
5627.07. — 1 10 IV 17766. 32 ZP;,, —eD5:, 
5622.44 ° 600 IT 17780 .95 ZP,,,—e PS. 
5619.50 + 1 I IV 17790.25 b§D3u, — 13724) 34 
a°Dj,—-2°Ds: 
5618.81 eae 150 III 17792.44 Gmpe ap”) 
5617.05 -— I 4 IV 17798.01 y®P2. —1S3,, | 
5607.38 fo) .8 IVA 17828.70 BP 4, —e!D5,, 
5605.86 ° 60 Ill 17833 .54 ZP3,,—C8P2,? 
5599.80 ° 60 ITI 17852 .84 a’ D3, —2D 4, 
5599.11 — I 15 IV 17855 .04 2P,—e?D}j:, 
5503.10 + 1 5 IVA 17874.22 a®’D>., —2Da, 
5592.25 + 2 40 III 17870.94 a® Do, —2D au, 
5591.60 — 2 4 IV 17879 .02 b§D3, — 141413 
5589.28 — 4 2 IVA 17886. 44 y®P;., —h®D3., \ 
5587.73 ° I IVA 17891 .40 y®P3., —h*D§,, 
se al? Dy, — L133: 
5586.83 part 600 Ill 17894.28 en) 
5586.24 ° 800 II 17896.17 a° D3, —2”° Day 
GERONOR. os 358 — I 800 II 17910.09 pin a 
zip — plop 
5579.63 eae 600 IIT 17917 .37 Pics Ag 
5577-14 a 1500 II 17925 .37 a®Di, —2° Dy, 
5572.05 — 1 4 IVA 17939 .82 DP3,,—C8P 3, 
5570.33 al 1000 II 17947 . 29 a”? Dé, —2"Dss, 
5566.41 —2 4 IV 17959 .92 b®§D$y,— 14 141 
Ror be) Ceres fe) 1200 II 18021. 34 a’ Dou —2" Day 
6A? 6A.: + 1 100 ITT 18037 .27 2P;,,—f*D3, 
SEAT AOOs. «4.0.5 53 + 1 20 IV 18040 . 33 aDou,— 13724) 3% 
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» An* Are. Temp. W ave No. Multiplet 
Int. Class Vac. Designation 
5538.02 ° 2 IV 18051.99 y®P2,, —h*®D§,, 
5530.83 —-4 2 IV 18055 .87 y®P.,, —h’D3:, 
5530.10 + 4 4 IIA 18058. 26 a°D3,,— 11 22% 
5533.25 — 2 80 IIT 18007 .55 a? D3, — 11.33% 
5520.627 fo) 125 III 18089. 21 a’D3,,—2" D3. 
5524.44 + 6 I IVA 18096 . 37 a DS, — 1144.4? 
5519.62 + 1 3 IVA 18112.17 a®D3u, — 139245 3% 
5511.77 =< 2 4 IV 18137.97 a D3, — 13 72%» 34 
5511.09 — I 2 III 18140. 20 a®D§,, — 1383 
5510.52 — 2 600 I] 18142.08 ZP;,, —eP 4, 
5504.93.. + 1 c, HI A 18160.50 a? D5, —2° Dy, 
5502.30 — 1 2 IV 18169.18 b®D§,, — 1425. 
5500.83 + 2 100 III 18174.04 ZP3y,— 33> 4% 
5500.48 ° 20 HIA 18175.20 BP 25, — 13% 
5497.95 fo) 15 HLA 18183 .56 a?D5., — I 122% 
5495 .80 — I 10 IITA 18190.67 BP ay, — 25s 23 
5495. 200 ° 250 II 18192.66 a? DS, — 11.33% 
5490.03 — I 3 IVA 18209.79 aD os, — 13902u) 3% 
5488 .053 + 1 800 I] 18214. 36 a°D3., —2°D3:, 
5485.50. + 1 15 IV 18224 .83 a® D351, — 140315 
5484.40 ° 8 Ill A 18228.48 a® D5, — 120314 
5483.52 + 1 I IV 18231.41 aD§., — 13834 
5481.78... ° 3 IVA 18237.2 aD, —x?Ps., 
5472.324 ° 600 II 18268.71 a?’ Da, —2° Ds: 
5467.05 + I 20 IITA 18286. 33 aD, —wPs:, 
5458.15 — 1 I IV 18316.15 a’D§., — 14034 
5457.62.. — 1 40 Ill 18317 .93 a®D§y, — 14.14% 
5452.94... ° 1200 II 18333.65 arD)., —2°Dyy 
— 10 — 10 
a) ed 1500 II 18338 .46 a et 
5447.13 + 1 8 IV 18353.20 b'D§,, — 1425. 
43 sp 
5443-504 Whe: 250 Il 18365. 23 gall 
5436. 22 + 5 2 IV 18390.04 2P,., — BD 5, 
5420.943 + 1 400 III 18421.47 aD, —x8P3, 
5426.8... + 6 100? Ill 18422.0 BP, —@D}:, 
5421 .074 + 1 200 Ill 18441 .42 BP, ,,—@PS. 
5419.05 ° I IVA 18448. 30 aD. — 14334 
5416.27. + 2 3 IV 18457.77 aD)., — 11031; 
5413.79T + 2 15 IITA 18466. 23 De, — xP 4, 
5412.52 + 2 8 IIIA 18470.56 2P3,—e? Diy 
§411.864... + 1 100 Ill 18472.80 ZP 3, —f D5. 
5407 .42T.. + 6 8 IITA 18487 .98 BP3,—e? D5, 
SAG5. 325. + 1 125 Ill 18495 .13 BP, —@D4., 
5402.77. ° 1200 Il 18503 .89 a’ D5, —2"D5, 
63000086 5. cs ° 3 IVA 18514.48 2*P 54 —e° Dis 
? - > _ e 1 
SA00K OR cies: a : © 3 IV 18527.07 pt le 
S303. Ag. os sce + 1 2 IV 18535 .80 b’D}., —2°D 4, 
5392.04......- + 3 250 Ill 18537.62 aD3,, —X°P 2, 
S401 OO) css - — 2 3 IV 18544. 29 D3, — 145415 
5370.939....-- ° 300 III 18592.78 BP, —ED5:, 
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TABLE 7—Continued 
- Arc. Temp. Wave No. Multiplet 
‘ ai Int. Class Vac. Designation 
BST. ca aoe fe) 2 IVA 18610.57 wD3,, — 1463: 
5304.62 ° 8 IV 18635 .48 aD§.. — 1454y, 
5364.2 — 6 I— IVA 18636.9 aD§y, —x'Ps,,? 
REOD OOM o.oo ° 500 III 18645 .94 aD&,, —x®P,,, 
5360.83 + 3 250 III 18648 . 66 a®D¢,, —x®P2., 
Sey ete — 5 [50?| III A 18659. 2 a® Do, — 1224, 
S907 )OT:: + 1 1200 IT 18659. 86 a°D2,, —2° De, 
5350.73. fe) 60 III 18662 .93 2P,,,—e°D ix, 
5355-10 + I 300 III 18668 . 61 2P,,,—eP 4, 
RASQUGH\.. + 1 I IVA 18673 .00 aD i, — 11544 
5352.84.. + 1 100 ITI 18676.49 ZPiy,—e®D}., 
BS5t 00h. ok ac + 1 300 ITI 18680. 50 a®D3,, —x°P3;, 
BO SOn ATs oan ° 80 Ill 18684 .97 2P;,,—e°Dy, 
BRCO MEAs lenis ac — 2 5° IVA 18085 .92 Di, — WP yy 
SOUS: | ee + 3 I IV 18692.76 y®P;,, —f'°P§:, 
CT Se ee ae — I I IV 18699 .62 b§D§,, —2°D3., 
5343-79 ° 3 IV 18708. 12 a®Dj., — 14655, 
{ qgio])jo. — 78k 
5338.30.. + : 8 IIIA 18727. 36 GDh oF") 
ERROR a7 die oud — 2 2 IVA 18732 .03 2°P3,, —g° Dix, 
5335-64.. ° I IV 18736.70 b§D?,, —z°Di,, 
5333-28 + 3 I V 18744.99 b§D3,, —2°D.., 
5329.89 + 2 I IVA 187560.91 2°P;,, —g°D5:, 
SOS + 4 I IV ? 18766.0 BP, —fD3;, 
5200-2 —4 I Vv 18769.9 b§Di., —2°D,, 
5322 02.. fe) 6 TIA 18781.12 a®°D3,, —2F 34 
5316.94. ° 20 IV 18802.59 a'D$,, —2°D,, 
ab oe + 1 5 IITA 18819. 30 a Dé, — 117515, 6: 
5310.01 + 1 3 IIIA 18827.13 aD?,, — 1212, 
5305.50 ° 5 IV 18843.14 a®D3., — 15031; 
5303.85 — I 300 III 18849.00 ZP,,, —f°D§., 
( 48 <n SED 
5302.72 re ne 80 III 18853.01 ‘ab a) 
5299.63. =a I IVA 18864 .01 a®°D3,, —2F iy 
5299.14.. + 1 I IVA 18805 .75 a®Dj,, — xP yy 
5298.10 + 2 40 IITA 18869. 46 aP De, — 1104.5, 514 
5205.50.-. — 2 2 ps E/ 18878 . 43 2P;,,—g°Di,, 
S204. 7... —4 e IV 18881 .6 aD§., —wP3., 
5294.64. + 2 ed III 18881 .78 2°P,,,—eD3,; 
5293.68.. ° 200 III 18885. 21 2©P..,—e? D5, 
5292.54.. — I I IVA 18889. 28 SP i. — 73% 
5291. 20.. ° 200 III 18893 .85 aD), -—2°D 4, 
5289.25. — I 300 III 18gOI .03 2P2,,—e°D 1, 
5287.25. +1 150 Ill 18908. 18 aD ou — 115435 
5285.73. — 1 60 III 18913 .61 a’D%,, —2°D2; 
5285.47. + 1 40 IT] 18914.54 2P x, — Di, 
5282.82. — 2 1000 Ill 18924 .03 Z©P.,,—e? Di, 
5280.65. — I 25 III 18931.81 aD. —2Di,; 
5278.17... ° 20 III 18940.70 HDS, — 15034 
SOY TOS «0s, 02 + 4 2 IVA 18944.72 aD3,, — w®P 3 
BO7ECGOs .c5 54 ° 50 III 18949.71 a®D3,, —2°D3, 
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10 





Temp. 


Ill 


Ill: 


II 
III 


IV 
IV 
II 
IV 
II] 
IV 
IV 
V 
III 
IV 
V 
IV 
III 
Il 


III 


Ill 


IV: 
III . 


III 


III 


Ill 


Ill 


III ¢ 


Ill 


III 
III 
IV 
IV 


Ill 
IV 


Class 


A 
A 





Wave No. 
Vac. 


18951. 


18954 
18961. 


18963 


189604.7 


18974 
18983 
18987. 
18995 
19002 
1QOIS. 
IQOI7 
1g020 
19023 
19030 
19031 


19045. 


19047 
19058 
19068 
19077 


19079... 


1QO8I. 


190Q2.7 


19100 
IQIO4. 
1gt25 
19134 
19135 


19138 


Ig140 
19143 
19153 
19154 
191602. 
1g169 

19176 


19196. 


19201 
19215 
19221. 
19225. 
19228. 
19232. 


19248. 
19262. 


gI 
28 


gI 
59 
° 

62 
10 


a 


so 
oO 
~ 


44 


41 


go 
03 





Multiplet 
Designation 


2°P ay, — B54 


(a°D5y, — 25F ax) 


a°D5,, —2F 3, 
a®Ds,, —2F 5. 
Z™P.,, —e!’Dé,, 
(a?°Dj., —Z3F 4.) 
wDy—z°D,, 
DSD 34 — 15.53% 
a? Déy, — ZF ou, 
Diy, -—2°Di, 
a’D3,;, —2°Darg 
YP 5 — Bae, 536 
BP,,,—EDsy, 
aD§., — 14831, 
wD%i,,—z2°Dy, 
2P2,—@EDii, 
DD os — 1534 
a®D$, — 15034 
aD, —x®P 4, 
wD3.,—2°D3:, 
aD, — 12244 
wD>.,—2°Di, 
2P,—e@D3,; 
a’ DS. —2F 3, 
a? D3, — 11544 
| 2P3,,—eD§,, 
wD§., —2°Day 
(y®P as, — f°P 4.5) 
BP 3, — OP 3, 
a? DS —1164x, 5 
a®DS,, — xP4x 
a’ D3, —w'Pa, 
aP Diy —2F 44 
a? Do — yPP 3, 
(a®D}y,—2°D,:,) 
a’D3,, —w' P31, 
ZPay,— CD36 
bSD3, —yP 314 
BP, -—@PD3., 
2P2,,—EPS, 
a? Dey —y" Ps 
a” Dig — yP 31, 
a’ Diy — BF 54 
BP y,—f8D§y 
aD}. —yF;,, 
ZP3,,—EP 2, 
2°P 3, —e€°D js, 
b§Doy, —yPay 
YP yg — 10355 435 
f 2°P3,—e°D5y, 
\Cy§P 345 — PP oss) 
bID§., —1574% 
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TABLE 7—Continued 





r AN* Arc. Temp. Wave No. Multiplet 
Int. Class Vac. Designation 
BEGGS SO csc ects + 2 10 III 19267.71 2P,,,—e"DS,, 
REOA 40 ao «504-8 + 1 2 IVA 19283 .65 2P,,,—e®P3 
5183.56.. — I 4 IV 19286. 40 b'Ds., —y®P3:, 
5182.14 — 3 I IV 19201 .69 b§D?., — y°F x, 
STST IOS. ss ews — 1 12 IV 19295 .82 b’Ds,, — y°F3,, 
— > ad — ApD 
SEIS 00s. sins 45 ye 50 IIIA 19304. 54 op za es 
5178.01 — 1 25 IITA 19307 .08 D3, —w°'P,, 
5177-17 — I 2 IV 19310. 21 b§ Di, —y*Pas, 
5176.42 — I 6 IIIA 19313.01 aDs,, —w'P3,, 
5175.20.. ° I IVA 19317.50 a’Ds,,—122, 
5174.91. + I 30 Ill 19318.64 DP ic — Pay 
BIGAMODS...6 csc + 1 12 IV 19321.90 b’Ds,, —y*F a, 
BPS? 20... + 2 I IVA 19328 .05 Z2P3,—EP3,, 
5170.50.. ° 20 IV 19335.12 b§Di,, —yF: 
5169.75 — I 20 IV 19337.93 b'D3,, —y*F., 
5169.32 — 1 40 Ill 19339.53 b'DS,,—y°F 4; 
5168.17.. — 2 1? IVA 19343 .84 b§D$.,—1574: 
5167.20.. — I 4o Ill 19347 .47 b'D§.,—y*F; 
SOG 90556 cx. — 2 1200 I 19349. 34 a®D3,,—y™P3x 
5164.53 ° I V? 10357.47 b’D?.,—y*Pi 
5163.03 + 1 I V 19363 .09 bSDs, —x°P3,, 
5162.39 +1 3 IV ? 19305 .40 b§ D3, — y*F iy, 
alo __ yy10P 
EEGCOSO Tic. c33 be cs 2000 II 19374.20 fps “i 
Ge ae + 3 I IV 19384.91 b’Di., —x°P 2, 
( 4 yp - ; . 
a. + : 30 III 19387 .95 ent a 
5155-42. + 1 125 ITI 19391 .67 2P.,,—PDiy, 
IR PUB ois — 2 I V 19403 .57 wD3.— 15434 
5150.80 — | 150 III 19409 .07 b'D%i., — y°F 5. 
5149.30 + 1 10 III 19414.72 b’D§,, —x°P3y 
BEAR NAT cc 32 secs + 1 8 IITA 19418 .08 Di, —w'P a, 
5147.80 fo) 30 II] 19420. 38 b§D$,, — yeF' 4s, 
5140.40.. — I 8 . E 19425 .66 2P;,,—fD35, 
hf Ue: [ora ° 2 IV 19428. 30 b§D3,, — y®F3u, 
5141.00 ° 40 III 19445 .84 SP;,,—PD5, 
5138.51 + 2 3 IV 19455.49 wD, —yP 3, 
S137 752. — 4 4 IV A? 19459. 2 a? D5, —11831 
i ae 3 I V 19405 .34 a Dou, — 15531 
REC MAL vce fai — I 8 IV 19467 .12 b’D§,,—x°P2y 
5133-52 + 2 1500 II 19474.40 a? Do, — P35 
GCC? aaa + 1 10 IV A? 19478.57 aDi,— y®Pa, 
5130.83 ° 3 IV 19484.61 b§Doy, — x°P i, 
5130.47 — 3 3 V? 19485 .98 AP y,—-2D 4, 
RESOVOG. 56s vs — 1 200 III 19487 .46 BP... —fD3s, 
5129.10.. + 1 1200 II 19491.18 a® Diy —y’ Psy 
5127.03. ° 25 III 19495 .63 bD§D4,, —x°P 3, 
ee; — I 300 III 19507 .05 AP.,,—fD5,, 
ae + 2 I Vv 19514.G0 bSDo., —x°P in, 
5119.47 ° 20 III 19527 .85 b§D&,, — 1574: 





























5118 
5118 


5115 


5114. 


5113 
5112 
5110 


5103. 


5102 
5101 
5098 
5008 


5090.. 
5004 - 


5092 


5092.. 


5001 
5089 
5057 
5055 
5083 
5079 
5079 
5078 
5077 
5076 


5970.3 


5000 
5007 
5005 
§003 
5000 
5058 
5957 
5050 
5052 
5045 
5044 


5935 - 4¢ 


5933 


5020.5. 


5029 
5022 
5015 
5013 


5009. 


4986 
4934 
4975 
4908 
4902 


4960. - 
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TABLE 7—Continued 
o Are. Temp. Wave No. Multiplet 
AA & P : 
Int. Class Vac. Designation 
+ 2 2 IVA 19530.10 aD: —y*F i, 
+ 2 I V 19532.88 aD. —yFy 
° 4 IV ? 19542.08 Diy, — y8Fa, 
fo) 800 II 19547 . 32 a®°D3,—y"P sy 
— 2 5 IV 19552.6 w&Dy—y Pu, 
° 6 IV ? 19553.-13 wD3y— yP 3x, 
° 30 IV 19560. 25 aD, —y°P oy 
+ 1 I V? 19588. 38 v&Di.,—-y Fy 
+ 2 12 IV 19593 .06 b&Da, —y*F 3, 
fe) 6 IV 19597.51 a&Ds, —y*F 3 
— 2 300 III 19607. 28 BP 4, —-2 D3}; 
+ 1 40 Il] 19007 .97 w&Diy—y Pry 
° 300 III 19616.09 bSD3, — y*Fou 
— 2 2 VE 19623.79 (a®Di, —y*F a) 
+ 1 600 ITI 19630. 53 OP y,—-8D iv, 
+ 5 3 IITA 19632.04 a? D3, — 11835 
° 3 IVA 190635 .54 wv Diy, — xP arg 
° 250 Ill 19644. 38 aD§u — yP3x 
fo) 4 IV 19651.79 Di, —2°F 43, 
fo) 30 ITI 190657 .82 wD, —yPa, 
+ 1 I V 19664 .82 w&Doy,—x P34 
— 1 5 IVA 196079.69 aD —x°Pr, 
— 1 i IV 19682 .47 y® Pay, —fP Sy 
+ 1 15 Ill 19687 .13 wD3y—y*F yy 
+ I 30 III 196089. 61 wDiy—yPu, 
+ 1 I IV 19695 .04 aD — y*F 3, 
— 1 8 Ill 19717.22 aD — x°Pa, 
+ 1 2 IV 19721. 26 aD3y—y*F iy 
fo) 400 III 19720. 36 a? Diy —y’ Ps 
+ 3 e IV 19735 .04 w&Di4—x°Pi, 
+ 1 200 Ill 19742.76 ZP yy, — 4° 
+ 2 5 IITA 19757 -35 Vv D5, — 118315 
° 2 IVA 19762.39 a®D5.,—x°P 3: 
— 1 15 Ill 19767.12 wDi,—yi°F«: 
+ 1 10 TIT A 10772.Q1 aD), —2°Fs, 
+ 2 4 IVA 19786. 25 wDi.—yiF;: 
— 1 10 IVA 19814.76 aD, —x°P 2, 
— 1 I Vv 19816.80 vDo., —x°Piy 
— 2 20 IV 19853.72 aD i, — xP 3, 
° 500 III 19861 .17 2P3.,—fDiy 
— 2 600 Ill 19877.01 2°P 4, —e? D351, 
— 1 100 Il 19877 .6 2P 1, —e°P 3s, 
° 2000 III 19903. 2 Z2P 4, -—e? Djs, 
fo) 5 IVA 19932 .00 BD i, — 1.233% 
+ 2 1500 III 19941 .QT 2°Py,—e? Dix, 
+ 1 2 IV 19954.81 BP y4,—€D 44 
3 6o It 20047 . 40 ZP 44-2934 
+ 1 12 IITA 20058 .54 ZP 346 — 35165 4% 
° 300 Ill 20091 .84 ZPyy, — OOP 5, 
+ 1 150 Ill 20120. 27 AP;.,-g3Di, 
° 500 Ill 20145 .32 SP3,,—BD yy 
+ 1 400 Ill 20154.83 2P2,—g¢Di., 
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ny 


AGEIN 255.55 5k 
49047 .39.--.---- 
BORO 3T w.010°Sh sore 
AOS 2 80.0 see 
BOZO 1OO 6:6 5000. 
4928.02 
4924.73 
BOF? OSs sic cs 
4917.5 
4Q1I Pens 
BOOT BO... 635: 
4902 
4900 
4900 
A808. 30% .< 2 00 
4894.68....... 
WOR a Rie bs fsa e 
48Q1 ages 
ROOF eA Sin. 

4834 
4883 


BO POA o5.8 Sievers 
BABIOOTT 1-52 18 
4873.54 
4870 


BEG FEO2:... 5 ir 
4806.40 
4864.7.. 
4860 . 86 
4860.29.... 
4856.78.... 
4852. 
4851.87 
4851.24. 
4849.64 
4848.70 


BOWMAN Be. . owe 2! 
4843 me, 
hh a Eee 


BEBO SA F< ordic 
BBSOURO cn sso os 


4838 .92 


4838.8 


AGES 22 so a.20: 
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T+++4++ | 
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Arc. Temp. Wave No. 
Int. Class Vac. 
300 III 20182.05 
I IVA 20191 .02 
200 Ill 20207 .05 
300 Il 20244. 21 
125 Ill 20266.70 
I IVA 20282. 20 
80 III 20286.48 
8o]| III 20300 .03 
8 IITA 20310. 26 
5 IV 20329.9 
1800 Ill 20355.13 
1500 Ill 20372.63 
I IVA 20391. 41 
600 Ill 20398 .90 
3 V 20400. 44 
I Vv 20409. 19 
150 ITI 20424.66 
b= V 20429 .0 
I IV 20439.94 
I IVA 20454.87 
150 Ill 20469. 11 
I IV 20473. 30 
4 IV 20488 . 32 
6 IIIA 20489.58 
I V 20513.25 
I IVA 20524.41 
600 III 20538. 20 
4 HI A 2054335 
I— V 20550.5 
12 IV 20566. 76 
I IV 20569 .18 
3 IVA 20584 .04 
5 IV 20004.19 
3 IV 20604 .87 
6 IV 20007 .55 
300 ITI 20614. 35 
2 IV 20618 . 34 
25 III 20637 .03 
30 IIT 20041 .07 
I IVA 20050.54 
150 III 20653 .40 
2 IVA 20057 .20 
20 IV 20660.02 
I V 20660. 5 
a ( E 20063 .00 


} 
4 a Dé, —x"Ps: 





Multiplet 
Designation 


ZP.,,—23D3,, 
BD 5s, — 123315 
2P.,—g°D5,, 
Z°P34,—e°P 1, 
AP 34,—2B°D ju, 
a®D5,,— 1242. 
2°P,,, —h8S3;, 
ZP,,, —e®P 3, 
D5, — ZF 4x, 
2P,,, —e°P2, 
z°P;,,—e”D35,, 
2P;,,—e”D5§,, 
aD, —1293%) 43 
Z°P,,,.—e" Dis, 
Diy, — ZF 3, 
b’D%., —y°Fiy, 
aD%,,—u®P,., | 
b§Di,, —x8F i, 
b’D3,, —y"Fn, 
a®D3,,—1242% } 
es 
° a4 — XP au 
b§D2., —x8Fy,, 
b§D§., — y°F yy, 
zP,,, —e®P3,, 
a®D5y,— 12515 
b'D3., —x°F3:, 
ZP,,,—eP%,, 


a 


\(b§D3,, —x°F 4.) 
2°P,.,-—€D),, 
S 
Do, — 1261, 
b’D}., — y°F 5, 
DD 5, — Fa, 
4 oy o 
BP yg — ES, 
aDy —yF i, 
b§D4., — x®F 51, 
aDy —y Fi, 
ZP34—e°D 4, 
b§D§,, —x*F 4, 

j BP;,,—€D 51, 
(2°P5,—g°D4x) 
2°P,,, —EDSx, | 
aD3,—1203%, 44 
25P,,, —h®S5,, 

APD, — 1193: 

( a®D?,, —y®F2y, 





‘(a°De, —y°F 1) 


(aD jx, —2°F 35) 
2°P.,,— 2 Dsy 


ael W344 aad yFy, 





Blend. 
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TABLE 7—Continued 











- Arc. Temp. Wave No. Multiplet 
‘ - Int. Class Vac. Designation 
4835.61 + 1 I V 20674.16 a°D?,, —*F,, 
4832.68 + 1 6 IVA 20686 . 69 al?Dj., — 1203 
4830. 33 — I 250 IT! 20696. 75 2°P;,, —e®P3,, 
4829.86 fo) 20 III 20698 .77 ZP2,,—e°D$,, 
4829.30.. ° 200 III 20701.17 a’D§., — v®P3., 
4827.95 + 1 4 IV 20706 .96 AP;,,—g°S3., 
4825.63 — I 40 ITI 20716.91 Z°P,,, —eP4,, 
4825.40 ° 10 IV 20717.90 z*P,,,—e°D3,, 
4822.20 — 4 2 IVA 20731 .65 z®P,,,—e°D3,, 
4820.80 — 2 4 IITA 20737 .67 a’D§,, —x®P2y 
4820.47 ° 50 IV 20739 .09 Ds, —yF 3, 
a6 — yok 
4819.88 a : 15 IV 20741 63 ‘Der 
4815.21 — 3 I V 20761 .74 aDS$,, —xF 1, 
4813.55 — 3 8 IVA 20768 .go 2P2y,— 253s, 
4812.07 fe) I— V 20775. 29 aD5,, —x*F 2, 
4809. 29 fo) 200 Ill 20757 . 30 a’Ds.,—y'D5,, 
4806.94 ° 10 IV 20797. 46 b§D5., —x*F ou 
ee all — eae 
4805 . 46 . 4 IV 20803 . 86 Pe ate wi 
4804.08 — J 100 IT] 20809 .84 a®D§., —y®D,y 
4800.79 + 3 15 II] 20824.10 aD. —u®P,,, 
4799.38 ° 12 III 20830. 22 al’D3u,— 1193 
4798.92 — 2 15 IV 20832. 22 aD, —ZF 3, 
4798.06 ° 60 II] 20835 .95 H&D5,,—yF 
4797.9 + 1 50? III 20836.6 aD§,—yF3,, 
4797.33 + 1 I V 20839.12 aD3,, —yF 2, 
4792.58 ye 300 III 20859.78 a D5, — xP, 
oe + 2 ’ si (a'°D§., — 12031) 
ae glo —ysp 
4791 .84t Pe 10 IITA | 20862.99 ee 
4790.6 + 3 I— V 20868 . 4 Di. — VPs, 
4789.62 + 4 2 V 20872 .67 a°D$,, —x®F.,,? 
4787.08 — 2 4 IVA 20879 .82 aD5y, —x®P3:, 
4784.01 + 1 40 I] 20897 .14 2°P,,,—fD%., 
4781.32 ° 50 III 20908 . go a’’Di, —wP,,, 
4779.70 fo) 4 IVA 20915 .99 al°D$,, — 12124 
4778.64 — 2 100 Ill 20920 .62 aD)., —wP,., 
4777.70 ° 200 III 20924.74 aD}, —yF 5: 
4777.16 + 2 6 IV 20927.11 aD 3, —y Fy. 
4770.78 fo) 150 III 20955 .09 DSi, — 13251 
4769.61 — 1 10 ITI 20960. 2. a®D$,, —v°P3x 
4768. 28 + 1 2 IV 20966 .08 z°P,,, —E&D5,, 
4766.65 — 1 4 IV 20973. 25 ZP 4, —eP3$,, 
{ato = 
4763.97 r 7 125 ITI 209085 .05 (GuPeape) 
4763.2 ° 10 IV 20088 . 26 2°P,,,—f9S2, 
4762.92 fo) 40 IT] 20089 . 67 aD3§,, —v°P2y 
he ° ees J a®DS,, —u®P.,, 
4755.93 aes 40 IT] 21020. 52 (a8D;,, —y8D,..) 
4754.05 ° 2 V 21028 .83 Diy, — 1604%, 535 
4752.42 — 1 2 IV 21036.05 Do, —ZF 24 
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Multiplet 
Designation 


a® Dey — 13441 
a’? DS, —X P34? 
aD}. —ueP,., 
a De, — xP yy 
al D)$, — xP 51, 
2P;,,—e Poy, 
aDi.— VIP 4 
aD%,, —v®P31; 
al?DS., — WP yy, 
aD?,, —Z2°F 2, 
aD3,, —v'P 2, 
aD§., —y®Da, 
alPDS,, —x®P 3. 
aD}, —ubP3., 
aDj.—y'Ds:; 
aD3,, —u'P2., 
D3, —y'D4s. 
2°P 4, —19S2y, 
BP 3, —f'°S G4? 
2P 4, —fD4y, 
aD3,, —2°F iy, 
aD 3, —x8P yy? 
Di, —V8P au 
aD$.,—y®D;:, 
al DS, — 12244 
a§Di., —ueP 2, 
2P,., —fD3, 
aD}, —weP 4; 
aP Dj, — xP 4, 
2 P 3, —B Diy 
Dou —y' Day 
vDo.—yDi, 
a? Di, —w'P3:, 
D3. —uP3., 
aD ju, — 1325 
aDi,—2°R un 
BP yy, —h®S3x 
aS}, —y*Pay 
aDi.,—y*D, 
aDi.,—y*D: 
(a8 D3, —2°F .,) 
D3, —y®D3y 
aD i, —yDy, 
a? D3, — x! P ys 
a D3, —X8Py: 
a? D3, —WP 2, 
BDo,— 14145 
aD i, — WP 34 
a? Di, — 1224: 
2P yy — 2° Diy 
P24 —PS3x 
ZP 5, —f9Sin, 


TABLE 7—Continued 
. Arc. Temp. Wave No. 
. - Int. Class Vac. 

AFEOIOS oes. oats — 2 2 IV 21040. 41 
AAR IE oto svas —12 I V 21053.4 
ARAL 90%s5 565 ao — 2 8 IV 21083. 34 
4740.50 — 2 200 Ill 21088 .94 
4739.16 + 1 50 Ill 21094.90 
4730.58 — 1 40 III 21100. 39 
A78T CO? < — I 3 IVA 21127 .63 
MOAO LTO ets <= x + 1 4 V? 21132.63 
A728. 13.25 ° 30 IT] 21144.11 
Cy Be — I 6 IV 21147.07 
AGQALOS. 2.53: — 2 20 Il 21162. 2 
4723.90.. — I 15 Ill 21163 .05 
4720.54 — 1 8 IIIA 21178.11 
4720.21 ° 6 IV 21179.59 
4718.61.. ° 40 Il 21186.77 
4717.22 ° 40 II 21193.02 
4713.59 — I 300 IT] 21209. 34 
4709.81 — I 20 III 21226. 36 
4705.99 ~ 3 3 IV? 21243.50 
AFORE SO... ° 20 IT] 21249.91 
A903. 02... — I 6 Ill 21252 .03 
4700.45T.. — 3 ms IV 21268 63 
4699.42 — 2 5 IV 21273.29 
4098.12 — 2 150 IT] 21279.17 
4097.59. ° 8 Il 21281.57 
4692.64 + 1 40 Ill 21304.02 
4091. 30 — I 3 V 21310.11 
4089.74. + 1 4 IITA 21317.20 
4688 . 24 ° 200 Il 21324.02 
4686.85 — I 3 IV 21330.34 
4085.71 ack, 3 IV 2133553 
4685.25 — I 40 ITI 21337.62 
4684.78 — 2 4 IV 21339.77 
4682.1 + 2 I— V 21352.0 
4681 . 53 — I ie) Ill 21354.58 
4679.48... ° 4 IV 21303 .94 
4675.49. ° 20 Ill 21382.17 
4061.88 fo) 7000R I 21444 .59 
4001.46 ° 10 IV 21446.52 
+ I ~ V >144a8< 

4001.01. tie 15 I 21448.59 
4660. 36 ° 100 IIT 21451.58 
4656.73 ° 60 ITI 21468 . 30 
4650.48 fe) 50 Ill 21497 .16 
4649.00. — I 8 III 21503.72 
4048.4 + 3 I— V 21500.8 
4047.41 ° 15 IV 21511.36 
4047.1 + 1 I— V 21512.8 
4646. 25.. + I 3 V 215160.73 
4042.50 — I 15 IV 21534.11 
4642.26 — 2 4 IV 21535 .22 
4629.82. fo) 15 IV 21593.08 
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TABLE 7—Continued 











r An® Arc. Temp. W ave No. Multiplet 
Int. Class Vac. Designation 
4627.22 — 1 SoooR I 21605. 22 S$; —y*P3y 
4625 .30.. fo) 50 III 21614.18 zP.,, —f°°S3,, 
AQT. 3A, cc — 1 15 IV 21632.71 2P;,,—e®8PS,, 
4020.2 ° I V 21638.0 al°DS,, — w®P 34 
4616.40 ° 30 IT] 216055 .43 2°Py,— 8° Dix 
4011.9 — 4 I— IV ? 21677.0 a?’D5,, —x*P 3, 
4011.51 — I 50 Ill 21078.82 2°P,,—g Dox 
4009.14 — I I V 21089 .96 a?°D§,, — 12245, 
4608.18 — 1 2 IV 21694.48 BP.,,—e°PS 
4605 .85 + 2 8 IV 21705.40 y*®P,,,—18° 
4002.63 fe) 15 IV 21720.64 VD 5x4 — 142515 
4599.19 + I 6 \ 21730.89 bSD5,, —x?°F 6x, 
4597 .34 — 1 40 Ill 21745.64 2P;,, fDi, 
4504.03 | — 1 |10,000R I 21701 .30 aSsu — YP 
4580.75 ° 6 IV 21824. 39 aD§., — 13833 
4579.77 cc — 2 3 V 21829 .06 aD 54 14545 _ 
4565.42 ; + 2 4 V 21897 .67 aD§y, — XP F gs? 
4564.53 fp i—<4 15 I\ 21901 .94 2°P 3, — BSS 
4502.08 ° 10 IV 21910. 82 a Do, — 1414 
4543.18 — 2 10 I\ 22004 .86 2?°P,,. —g®D5y, 
4540.59 + 2 4 IV 22017.42 a®D3,, —1352% 
4538.05 + 1 20 Ill 22029.74 2P;,,—8D3y 
4535-50. . | fo) 200 IT] 22041 .69 2P,,, —h8S3,, 
4527.01. — I 3 IV 22083 .406 aD3., — 13831 
4520.69 | ° 60 III 22085 .02 ZP;,, —e°P4,, 
4524.49 | fo) 12 IV 22095.76 ZP yy — S345 
4522.9.. [oe [25] IIT 22103.5 ZP34—h®S$,, 
4517.76 — 2 20 I\ 22128.68 Di, — 13524 
4514.06 | ° 15 IV 22140.82 ZP.,,—e°P 3, 
4513.20 | = 2 20 If 22151.04 2P3.,— gD 3§., 
4509.04 — 2 4 z : 29971. AF aD§., — 1443 
4497.45 — 3 4 IV 22228.61 Dou — 1454 
4492.39 fe) 4 V 22253.64 aD3y, — 137215 3% 
4471.99 ~— J 50 III 22355.10 BP2,,—e°P iy, 
44604 .563 fe) 40 II] 22392 .34 Di, — 14633; 
4450.98 — I 5 IV 22430.44 D3, — 14435 
4427.0 Ss “a 5 I\ 22582 .3 aD §u— 14744 
4422.96 — J 3 I\ 22602.97 UD, — 1443. 
4417.55 + 2 5 I\ 22630 .65 ZP,.,—PSS., 
4417.25 ° 80 IIT 22032.19 ZP 4, —£°Shx, 
4413.51. ° 12 I\ 22651. 306 D3., — 14631, 
4387.88 — J 250 Ill 22783 .67 a’’D§,, — xP 3% 
4380.16 + 1 4 IV 22823.82 D3. — 14631 
4377.33 — 3 2 \ 22838.58 al’) 3, —1 251% 
4370.47 ° 80 = 22874. 43 ZP 4, —h®D5s, 
I : 
4309.47 + 1 40 VI 22879 .60 2P,,,—h® Dj. 
4368.52 + 2 8$§ IV 2288, .64 BP 4, —hD5., 
Po.) el) ee + 2 6 IV 22895.17 Do, — 15 74% 
PCy ot > eee + I 150 ITI 22956.74 a DS, — xP. 
AX50. Ths cess + 1 12 IV 22981 . 38 BP, —f°S3,, 
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Wave No. 


Vac. 


23088. 38 
23091 .03 
23127.90 
23159.4 
235 72.2 





Multiplet 
Designation 


aD3,, — y®Fo,, 


aDj., — 154335 
a?°D3,, —1282y 


aD 9, — 127154, 23 


2P yy, — CP 3s, 
z5P..,, —f°S3,, 
a DS, —u®P,y, 
a?°D 3, —x'P3,, 
a’’Dée., —y®D;,, 
a? D?,, — v8P,., 
Z°P,., —f°S3. 
a’’D§,, — v®P3 
aD3$., — 1565. 
a’’Dé,, — 13251 


| (z6P1;—f°D3.,) 
2P,,, —fD%,, 


a’’DS,, —v°Pay, 
av’D§,—u'P3,, 
a’’D3,, — Pa, 
ae D3,,—y®D;5, 
2°P,,.—h®S3, 


a’D2,, —y* Dj, 


aD§,, —x°P3 


a? D3, —ubP4., 
a?°D3., — v®P3y, 


fa’ D5. —y'D;:, 


(2°P arg —f°D5,,) 
a’D3., —v'P»y, 
aDiu— 15534 
ZP ax, —f°D3, 
ZP 2., —fD?,, 
al’D5., —y®D,, 


2P3,—h’Djy 


28P;,,—h®D%,, 
a?°D$,, —u®P3, 
a Dix, — 13251 
aD; ic yPa, 
BP 2, os h8D 3% 
2P,,, —h’D3,, 
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IV 


VE 
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| VE 
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Ill 
III 


} 





Wave No. 
Vac. 


236013 .93 


23030. 51 


23644.82 


a 
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Ie UI bw 
wn 


3091.08 
23004 .39 
24014 .05 
24021.78 
24030.15 
24038 .76 
rele) 
24077.20 
24141.10 


24152. 35 


24104.90 
24170.05 
24217.4I1 
24222.22 
24242. 37 
24282 .61 
24290 .07 
24342 .54 
24343. 19 


24397 . 33 


44 





Multiplet 
Designation 


a’ Dé, — 130s.,, 6% 


D5. —y Fy, 
a’Di.. —y*Dss, 


aD3,,—y*D;,, 


a’’Di, —y Diy, 

a’°D3,, — u®P3,, 
BP 4,, — f°PS,. 
ZP.,, —f°D 3, 
zP.,, —fl°Ds,, 
ZP.., —fr°D§,, 
a®D5,, —y*F 3, 

2P;,,—fD5,, 


2°P,,, —f°D§,, 


aD, — 13444 
zP;,,—h®S5,, 
a® D3, —x°P2, 
aD, — 136536, 636 
OP 4, a 349 
aD, —y*Fi, 
aD? — y*Fy, 
a®Di., —y®Pi, 
al? Deu, — 14.25% 
a®D3,, — x°P1,, 
2 P43, — 7345 
al’ Diu, — 1.332% 
a Dis — 1344 
aD? —x°P ry, 
BP 4g — Bi5, 536 
SOP y,—ars 
(D5, — x*F sy, 
aD:,, —x*F6., 
faPD2., — 1332. 
(a8 D2, —x*F4.,) 
a?°D$,, — 1352 
D2, — 160435, 3 
BP 4, — FP ig 
a?°D$,, — 13835 
Z°P 3g — T4369 436 
aD; — 13521 
al’ DS, — 14.25% 
Z°P 355, —fP 35 
a Dis — 14031, 
BP 4g — 108355 434 
BP, —fP3,, 
a D5, — 13835, 
aDés, — 1405155 635 
al D5 x4 — 140314 
J &Diy—x*F 554 
\@Di4— F344) 
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= Arce. Temp. Wave No. Multiplet 
. vai Int. Class Vac. Designation 
40068.96....... ° 30 ITI 24509. 39 Di, —x*F 4, 
BOOY ATs on 6035 — I 3 IV 24578.75 2D) o 4g — 1372. 3% 
4005 .422 ° 20 III 24590.77 aD), — 14331, 
HODOLGS ss 6m. — 2 15 Ill 246021 .Q1 a®D{,,—160,4,,, 
4000.00 5. 6-25 + 1 20 IV 24623 .61 2P 34, — 53% 
4059.03. + 2 10 IV 24029.50 a’’D i, — 1443, 
4055.26... — I 4 IV 24652. 30 a®D3,—1502% 
4053 .087 ° 10 IV 246065 .61 al?D 54, — 1404, 
4052.08.... + 1 8 IV 24071.74 BP 3, — 63x, 33 
AOAO! B40 6s ons ° 4 IV 24685 .45 ZP 24 — 53% 
BOAT AS oe, 2 oa ° 6 III 24608 . 19 ZP 34 — 73% 
4043.97. oS — I 20 IT 24721 .22 2°P,,, —f°DS,, 
4041.04.... — 1 158 IV 24733 .63 P24, —62, 3% 
4OAO AS 6 55: ° 50 II 24742.57 2°P, ,—f°D5,. 
4038.37:.. ° 10 IV 24755.50 aD 8. — 15254, 6% 
4037.66 + 2 10 IV 24759.85 ZP ry, — 73x 
4030.99 — I I IVA 247603 .96 a?°D3, — 1433% 
4036.55 ° 20 IV 24766. 66 BP yy — 123, 5% 
Ve ie fo) 50 II 24709 .11 2°P,,, —f°D5,, 
4Osa/ST ....s- ° I IV 24779.18 aD3,,—y°F 4, 
4033.71 ° 10 IV 24784. 10 BP oy — 134.) 514 
410 —ylok 
4030.66 il : 5 IV 24802 .85 el Py 
4030.21 ° 10 IV 24805 .62 al?’ Diy, — 14744 
gloT)e —ylok 
BO2QU00% si 2.3. 4 150 II 24800 .97 Fal i a 
4028.62... ° 40 III 24815 .41 aD5., —xF;,, 
ss 
AGPB NG 2% bc * 10 I\ 24816.02 ‘(nee 
4026.51 fe) 50 II 24828 .41 D5, —x Fy, 
Voy 0 | ae + 1 ' 25 IV 24831 .86 BP 4, —f°PS,, 
4025.445.. fe) 8 IV 24834.98 al’Déy — 14954 61 
BODO. 6.053 I 6 IV 24850 .63 alD i, — 1463, 
4016-004... 5. ° 125 IT 24889 .09 a? Do, — 14334 
BOTACOS? 6.0m + 1 12 IV 24901 .76 ZP3y,—fP3;, 
4014.382..... + 1 25 III 24903 .42 a Dey — 15141 
Pic: Co 1, ie — I 40 III 24927.98 a? Do, — 144315 
AOOO LVS ie a cio — I I IV 24935 .92 BDiy— 15024 
4002.00......5% + 1 8 IV 24974.85 Ds, —x8F i, 
4000.81 ° 20 Ill 24987 .90 aD>., —xF;,, 
BOGS FO ess, 2 ode fo) 30 III 24988. 59 aD3,, —x®F., 
BOG UA ic iesh dees ° 8 IV 25019.60 BP 4, — 1435 4 
BOOS ROR nc aus — I 4 IV 25023.80 al’D) 5, — 14634 
os 2P... — ; . 
S008 2962.5 :.-0" )+ 2 8 II 25040.77 lo 
BOST 590%. «5.2082 + 2 30 III 25068 .79 aD jy, — 14834 
Cie et Co eee — 1 6 IV 25073.82 al Dé, — 15651, 
3980.60.... ° 40 II 25076.96 al 2, — 15.25%, 6% 
3986.08....... — I 8 IV 25080. 2 aD?., —x®F,, 
BOOS SEOs 5.5 3.503 + 1 10 IV 25085 .go a’ Di, —x®F i, 
2083 .00....06 6s fe) 6 IV 25099 .63 Di, —x®F 2, 
2070.10 ss «2.010 -—7 4§ IV 25123.66 a? D3, —yF yy? 
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r An* Arc. Temp. Wav e No. Multiplet 
Int. Class Vac. Designation 
4070 02h -....022 — 2 10 IV 25124.73 aD, —yPF sx 
3978.42 ° 50 Il 25128.52 a? De, —y Foy 
3976 .832 + 1 15 IT! 25138.56 a’ Do, — 15 14x 
4075-20: ° 4 IV 25148.88 al’ D5, — 1403, 
3909.90... + 1 10 Ill 25182.45 2 Py, — Bou, su 
3969 . 22 — 1 15 II 25186.77 Z°P., —Oax 
3967.18 + 1 25 Il 25199.72 ZP3,,—f°DS,, 
3066. 46 — 1 5 I\ 25204. 209 a? Doi, — 15.34% 
3904.95. ° 60§ IT] 25213.89 a? D3y, — 14.74% 
3964.49 + 1 25 II 25216.82 ZP3,,—f'°D}., 
3963.61 ° 15 II 25222.41 HP3.,—{°D3§;, 
3061.94 ° 2 IV 25233.05 ZP3,,—fD3,, 
3901.12 fo) 20 II 25238. 27 2P,,,—f!°D4y, 
3960. 52 — 1 2 V 25242.09 a? D3, — 148354 
3955-75-- ° 80 II 25272.53 Z°°P 5, — PP ix, 
3052.25 — 1 4 I\ 25294.91 BP 2, —fD5., 
: IV 
3049.84...... + 5 15 VE 25310. 34 BP», —fDi, 
39049.60...... — 2 50 Il 25311 .88 aD) 3, —15 14% 
3044.05 — 1 ? III 25347.50 a? Di, —yPF 34 
3942.35 ° 15 ‘- Ik 25358.43 aD — YF a 
3942.21 + 7 30 IV 2 25359.33 (a”°Diy —y’F ss) 
3930.643..... + 1 10 IT] 25305.19 a? Diu — 156515 
3929.81 fo) 15 Il 25439 .35 al’ DSy — 15.34% 
$027:45.... +1 10 Ill 25454 .63 aD — 154315 
3918.520 + 1 40 Il 25512.64 al? Deu, — 158515, 615 
V . 
3917.30 ° 60 IL | 25520.59 a?D$,; — yF 3 
3916.82 ° 20 nm 25523.71 a? D3, — YF ay 
3915.62 ae ° 25 II 25531.53 a D3, — YF 44 
3903. 233 — 1 20 Il 25612.56 al D3, — 15341 
3900 .g10 + 1 10 II 25627.77 al? D3, — 15.4335 
3900.51 ° 40 II 25630.44 al D5, — 15651, 
3898.75 fo) 30 II 25642 .01 a? D3, —ye Fy 
3898.18 fo) 10§ I] 25645.76 a? DS, —yPF 31, 
3897.70 fo) 30 Il 25648 .92 a? D3, — YF a, 
3893.12 ° 6 IV 25679 .09 BP 34. —143%> 45 
3891 40 — 1 8 IV 25089 .84 al’ D3, — 155315 
3884.75 ° 100 III 25734.42 Z0°P,,, —fPPS,, 
3881.92 — 2 5 V? 25753.18 al?Dou, — 15434 
3875.34 ° 30 III 25796.90 ZP— 1235 5% 
3872 72 ° 30 II] 25814.35 P= 13595, 534 
3869.75 ° 80 Ill 25834.17 al DSi, — 158556, 61 
3865.57 ° 150 Ill 25862.10 2°P.., — f° Pox 
III : 
3828.93. “s —4 30 1 Vi 26109 .58 BP yy — 154% 5% 
3811. 33 ° 20 II 26230.14 Z°P,,, —f°PS,. 
3790), 22... ° 15 II 20474.01 ZP 4. — 113 u, 4% 
277A. EO. . ° 150 ITI 26488 .88 BP 4. — 163, 4% 
3760.78 — I 10 I] 26582.70 Z°P 34. — 73 
3758. 20. — 1 30 V? 26600. 31 BP yy— 179% 54° 
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r Ah* Arc. Temp. Wave No. Multiplet 
Int. Class Vac. Designation 

SOAMSIO\.; « .-< < + I 30 II 26700.41 Z°P 3. — Ogu 
SFA2QUGOS » 6.0.0 ° 50 II 26786. 26 Z°P,,, —fPS,, 
3929.21. fe) 8 II 20814 .93 ZP yy, — 1295 5% 
3725. 785 ° 5 II 26832. 38 Z°P yy, — 13.4%) 5% 
3722.629 — I 100 IV 26855 .13 ZP,,,—18 
3719.16 — 1 100 II 20880 .17 ZP 4, —f!°P Si, 
3700.8 — I 3 III ? 26969 .8 ZP 3. — 1135 4% 
3699. 28 + 1 2 III 27024.62 a D3, — 1592 
3083.62 ° [4] IT] 27020, 51 2°P oy. — 15 95) 5% 
3682 .417 ° 30 III 27148. 38 BP 34,— 105, 4% 
3682.23 + 1 3 Ill 27149.75 a? Do, — 15924 
3665.15 — 2 6 Ill 27270.27 a? Dé, — 1625.., 61 
3652.147...- ° 8§ IV 27373.44 alDé., — xP F 5, 
PAG AO Ss 5855 16 + 2 4 III 27381 .31 a D2, — 1614, 5% 
3648.86... ° 5 ITI 27398 .04 aD8,, —xPF 5, 
3647.88 + 1 2 IV 27405.40 al? De., — x!°F6:, 
3627.99 e 5 fe E 27555.04 BP 3g — 195055 405? 
BORIS nc ss x0 + 1 10? III 27597 .50 al D8y, — 16251, 63 
3019.96 — 2 5 ITI 27616.77 al?D $y, — LOT gy, 53 
3618.17 + 1 25 II 27630.43 Z°P 4. — 173%, su? 
3607. 28 — I 8 ITI 27713 .84 a? DS, — x!F yy, 
3606.54... ° 10 IT 27719.53 a D2, — x? F 51, 
3605.57 — 1 5 II 27720.99 a? D2, — x! F 6, 
3589.270 fo) 60 I 27852 .90 Sf — 1003%5 4% 
3577-15 oor ll 8 Il 27947 .27 a’ Diy, —x °F 3, 
BEAO 204: < + 1 10 IT 27948 .91 a Dou, — xP Fy, 
3576.20 ° 15 II 27954.609 a? Diy —xF sy, 
3555-39 — 1 5§ Ill 28118. 31 al D3, — xP Fay, 
RRRe OES. + 1 6 III 28120. 20 aD 3, — x?°F 35, 
2554 OL... ° “8 IT] 28122.10 a? D3, — x F yy 
3539.78 ° 4 III 28242.30 aD oy, — oF i 
3539.05 + I 2 Ill 28243 .34 a D3, — xP F 24 
3503 .22.. + 1 20 IV 28537 .03 2P 44, — 103355 4% 
3487.28 — 2 2 II 28667 .47 8S, — 21°F 2, 
3467 .880 fo) 30 I 28827 .84 a8S3u, — 103% 
2457060... ° 408 I 28918 .14 absou — ZF 31; 
OC  e ios 4 Ill 28944 .60 Z°P yg — 19355 405? 
3432.520 ° 20 I 29124.80 aS3 4 — LOZ 2%» 3% 
3353-705 ° 20 I 29809. 2. BS51g— 1043155 4 
3350.403 ° 50 I 29838 .61 assy — 1054u 
3334.33 fe) 6oor I 29982.44 S35 — 1063145 4% 
3322. 263 fe) 80 I 30001 . 34 a®S$y,— 107 
3262.50 ° 10 I 30642 .54 assy, — 108314, 44 
3247.550 + 1 40 I 30783 .59 a8Ssu — 10031 
3246 .032 ° 20 I 30797 .99 aS3y—2Da, 
3241 .405 I 50 | 30841 .95 a8S$.,—2°D3, 
3235.126 — I 30 I 30901 .81 a8S$y— 2-Day 
SQAOwIOLs «<a sits, + 1 5 II 30945 .00 assy —zZ?Da, 
3213.75 — I 200 II 31107.34 S$), — 11 22% 
3212.81 I 1o0o0R II 31116.44 a S3y— 11334 
3210.57 ° 300 II 31138.15 a®S3y, —2'°D3, 
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r Ant Arc. Temp. Wave No. Multiplet 
Int. Class Vac. Designation 
si Il ie sc : 
SESE OB eos gcc — 3 70 VE 31382.81 a8S3., —2!°Dyy, 
3168. 282 fe) 30 I 49Sh2. 75 Sou —1144% 
3111.43 fe) 500R I 32130. 27 a®SSug — 11544 
3100.18 fe) 100 I 32184.58 So, — ZF 4 
3085.7 ° 6 II 32398 .18 Sou — yP3y, 
3066 .950 ° 40 ] 32596. 2 S35 — VP as 
3058 .984 fe) 100 I 32681.12 a®S3u, — 11831, 
2958.91 + 1 30 I 33786. 30 a®S3., —X®P 2, 
2950.82 + 1 20 I 33879 .01 aS}, — 11931 
2948 . 23 ° 4 -- 33908 .77 S$, — 12033 
P31 ae aoe — 2 6 VE?| 34102.05 a$$, —x*P3u 
2908 .99 ° 250 I 34306 .15 S$, — WP 4 
2893.83 — 1 300 I 34540.18 abS$., — xP yy 
2893 .03 + 1 150 I 34555.73 aS3u — WP a, 
2892.54 +1 200 I 34561.58 a8S3., —w°P3, 
2878.87 ° 50 I 34725.69 S$, —X8P yy 
2877. 784 ° 15 I 34738.79 aSju,— 12245 
2807. 20 + 1 4 I 35612. 22 S$, — 1233% 
2800.04 + 2 5 I 35703. 28 a$3u,— 12424 
2797.81 3 2 II 35731 .73 aS ju — ZF 34 
2776.52 fo) 10 I 36005 .70 Sou — XP 3, 
2772.90 — I 10 Il 30052.70 a$$, — 12821; 
2771.44 ° 3 II 36071 .70 aS 34 — 12034 4% 
2770.72 ° 2 II 36080 .94 a$$ — ZF 3y, 
2747.83 — 1 60 I 36381.61 a§S3., — V’P31, 
2745.61 — 1 40 II 30411 .03 a8S$., — V8P a, 
2743.28 — 1 80 II 30441 .95 a8S3— uP 2, 
2738.57 — 1 15 II 36504 .63 a8S$., — wWP3. 
2735-254 ° 40 II 36548 88 Siu — V8P 4, 
2732.61 ° 18 II 36584. 2 aS3,—y®D», 
272% 34 ° 20 I 36600. 85 a8S3., —u®P3., 
2723.96 -— I 50 II 36700. 41 a’S3.,—y*D., 
2709.99 fe) 40 II 36889. 59 a®S3y—y® Dy. 
2695.08 + 1 y: II 37093 .66 Siu — 13324 
2692.74 3 5 I] 37125 .80 S34, — 13444 
2682.60 + 1 8 II 37206. 22 a®S3u — 13525 
2059.42 + 1 15 ITI 37591 .01 asf — 141 4% 
2643.84 + 2 6 V 37812.52 Sou — 14334 
2637.14 + I x V 37908 .58 aessu— 14544 
2625.79 + 1 2 V 38072 .43 Sj — 1463. 
2619.27 — I 10 Vv 38167 .20 assy —2°D,:, 
2609.8 — 3 I Vv 38305.7 assy — 1503% 
2606.1 + 4 I Vv 38360.1 @S3y— 1514. 
2602.6 + 1 3 V 38411 .6 a8S3., —2°D 3, 
2585.76 — 3 12 VE?| 38661.79 ess — 15.34% 
2580.62 ai 3 Vv 38738. 79 a®S jug — 15.53% 
2564.98 ° 4 V 38974 .98 bs 157% . 
[+ 7 is fa®S3y,—xPP yu! 
2428. 2T pa pt I \ 41170.3 \a8S3,, —x!F yy, ? 
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The average difference, regardless of sign, between the observed 
and computed wave lengths, is 0.0085 A for 248 lines of intensity 
greater than 50 and upward; 0.0095 for 237 lines of intensity 11~50; 
and 0.0151 for 459 lines of intensity 10 or less. When x lines have 
been used to fix the value of one of the upper levels, the average re- 
sidual should be 1.17{/(m — 1)}* times the probable error of a 


TABLE 8 


STRONGEST UNCLASSIFIED LINES OF Eu I 














INTENSITY INTENSITY 
r igi Veco Temp. ’ eae 
= CLASS Fur CLASS 
Arc Arc 
nace nace 

BOAO CBs skis S sesee 30 \ BROS «a dis. 3 Gude Sa Te es \ 
3641.27. 20 \ ME ROT SON «5,6 Sno: 30 20 Ill 
3646.75. 35 V ME SAN 5 hoes 20 iy V 
2656.10)... 20 10 II BOBA O85 ta Sites 50 gs ine 
BO860.A2 5... 20 V ROST SAS cos aa cecal | 20 V 
BORED A. . : 3% aa 75: a ee V E? || 4653.30... 20 15 I\ 
BPROCOSs ois 0.4s.s0kl| 220 I IV? 4665.07 20 V 
BONOCOOS.: <..0 0c 50 30 II 4671.166..... 25 V 
BOI. TOs « . so...) 200 100 IT hy has. ar 40 30 ITI 
BIOI2ST ioc a eee oe 20 8 III [Nol key i 40 40 III 
4125.53 20 8 IV 6360.48.... 3 20 IIT A 
4249.40 20 15 IV 
ROR NEA sc ccleceuiaiar 30 20 III 
BAGELS 52 cd ccatok 20 4 IV 
4406.79 20 I IV 


























measure (provided that the low levels were exactly known). The 
values of 7 range from 12 to 1. For the 229 levels here considered, 
the mean value of is 4.73, while that of {/(m — 1)}* is 0.794. 
For the 33 low levels, the mean value of m is 32.8 and that of 
{2/(n — 1)}* is 0.982. Hence (closely enough) the average residual 
should be 0.91 times the probable error, which is thus found to be 
+0.0094 A for lines of intensity exceeding 50, +0.0105 for intensities 
between ro and 50, and +0.0166 for the fainter lines. As the latter 
include many which were barely visible and difficult to measure, 
the increase is not surprising. 
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The lines remaining unclassified to the red of \ 3500,° for which the 
estimated intensity either in the arc or in the furnace is 20 or more, 
are listed in Table 8. There are 26 of them, as against 494 classified 
lines in the same spectral region above the same limit of intensity. 
The one outstanding line, \ 4039, is probably the strongest line 
of some multiplet—a transition from the leading component of 
a term like a'’D°® to a higher level of large J-value, from which 
no other combinations are to be expected. The very strong line 
d 5830.98, a'’Dé,, —2'°F,,,, is of this sort. 

The remaining low-temperature lines probably represent transi- 
tions from a'’D° and a*D° to additional levels similar to those 
which have received numbers in Table 6, while the lines of class V 
are discussed at the end of section 3. 

Complete identification of the lines of so complex a spectrum 
could hardly be anticipated, especially in view of the rarity of the 
material and the absence of Zeeman data. Enough has been done, 
however, to show that the spectrum of a rare earth is fully amenable 
to the existing methods of analysis. The spectra of even the neigh- 
boring elements, samarium and gadolinium, should theoretically be 
far more intricate;' but, with sufficiently precise wave-lengths, Zee- 
man data, and, above all, with labor enough in searching, they 
should yield as fully to analysis. 

In the previous publication note is made of the identification in 
the sunspot spectrum of two of the ultimate lines of Eu 1 (the third 
being masked), and in the solar spectrum of some additional lines 
of Eu 11. 


In conclusion, it is a pleasure to express our gratitude to Miss C. E. 
Moore for extensive aid in the tabulations and proofreading and for 
a critical examination of the whole manuscript. The accuracy of the 
results is mainly due to her careful work. 

PRINCETON UNIVERSITY OBSERVATORY, 
CARNEGIE INSTITUTION OF WASHINGTON 


Mount WILSON OBSERVATORY 
March 1939 


6 For shorter wave lengths the separation of arc and spark lines is often difficult. 








NOTES 


ON THE ORIGIN OF EMISSION IN y CASSIOPEIAE 


Possible mechanisms for the production of emission lines in the 
extended atmospheres of B-type stars are collisions, excitation, or 
ionization and subsequent recombination. It is probable that the 
effects of collisions may be neglected, as the density in the outer 
atmosphere must be extremely low. Excitation is an inefficient 
method for the production of emission. On the other hand, if the 
atom is first ionized and then undergoes recombination with a free 
electron, the emission lines may be rather strong. 

In y Cassiopeiae both of the latter mechanisms seem to be active. 
During the single-line stage approximately two hundred emission 
structures were visible in the spectrum from 4924 to the head of 
the Balmer series.’ About fifty of these lines have as vet received 
no definite identifications. However, Swings and Edlén’ have re- 
cently identified three of the lines as Fe 111. The ionization potential 
of neutral iron is 7.83 volts, of singly ionized iron 16.5 volts, and of 
doubly ionized iron about 30 volts. Consequently to triply ionize 
iron atoms we must apply something of the order of 50 volts. This 
is incompatible with the atmospheric energy conditions shown by 
the rest of the spectrum, and therefore we may assume that excita- 
tion is the sole method by which the emission lines of Fe 111 are 
formed. The presence of the Fe 111 lines is important as an indica- 
tion that a very appreciable fraction of the iron atoms are doubly 
ionized and that the strong Fe 11 spectrum is largely one of recom- 
bination. 

An even more striking confirmation of recombination as the source 
of the emission lines may be found in the Balmer hydrogen spec- 
trum. If the lower Balmer lines are produced mainly by excitation, 
the lines near the limit of the series will be extremely weak if, in- 
deed, they are present at all in emission. By contrast, if the lines 
are produced by recombination, even the higher members of the 

* Baldwin, Ap. J., 87, 573, 1938. 2 Ap. J., 88, 618, 1938. 
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Balmer series will appear, and there will be a definite emission con- 
tinuum at the series limit and extending toward the shorter wave 
lengths. 











July 17, 1932 


October 13, 1934 


November 4 1936 

















September 22,1937 







October 24, 1938 
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H.R. 8731 
November 5, 1938 
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Fic. 1.—Microphotometer tracings of the spectrum of y Cassiopeiae 


In Figure 1 the Balmer lines of shorter wave lengths than Hx 
are shown for several dates. On the plate of 1932, emission lines 
are found out as far as Hu, while Hx and all higher members are 
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neutral, indicating an approximate equality of emission and absorp- 
tion. That emission was present is shown by the suggestion of an 
emission continuum. 

On later dates the Balmer lines became more and more prominent, 
reaching a maximum during the single-line stage in 1937.' The emis- 
sion continuum also became tremendously strong, thus paralleling 
the rise of the line intensities. After the single-line stage the emis- 
sion intensity, both of the lines and of the continuum, declined im- 
mediately, although both were still many times as strong in 1938 
as in 1932. Because the Balmer lines are not monochromatic in y 
Cassiopeiae, the higher members of the series become blended be- 
fore the series limit (dotted line) is reached. 

Unfortunately, these spectra are not suited to quantitative analy- 
sis of the continuum as the atmospheric, instrumental, and plate 
corrections are not known. They do, however, show a definite rise 
and fall of emission strength of both the lines and the continuum. 
The presence of the latter on each plate can be accounted for only 
by the process of ionization and recombination. 

All spectrograms were made on Process emulsion with the 375- 
inch reflector of the University of Michigan Observatory. The 
first two were made with a silver-on-glass mirror and the last four 
with an aluminum-on-glass mirror. A microphotometer tracing of 
the spectrum of the absorption-line B star, HR 8731, is shown for 
comparison. There is no indication of a hump in the plate sensi- 
tivity-curve near the limit of the Balmer series. The tracings were 
made with a low-resolution microphotometer at the physics depart- 
ment of Northwestern University. 

; Rap B. BALDWIN 


DEARBORN OBSERVATORY 
NORTHWESTERN UNIVERSITY 
June 10, 1939 


REVIEWS 


Astronomy. By W. T. SKILLING and R. S. RicHARDSON. New York: 

Henry Holt & Co., 1939. Pp. 579. $3.00. 

Despite its all-embracing title, this book fills a specific present-day 
demand for an interesting description of astronomy, not too difficult for a 
student with very little scientific background, yet fairly complete and up 
to date in its treatment of the latest advances in the subject. The authors 
have had access to some of the best illustrations ever published, to which 
they have added many helpful diagrams. 

In general, the text presents the problems of astronomy without their 
mathematical complexity. Thus, for instance, the rotation of the galaxy, 
the velocity of light, the diameters of stars determined by the interferom- 
eter, and the aberration of light are all presented in terms that can be 
clearly understood by the neophyte. On the other hand, this treatment 
permits of inaccuracies and a certain amount of vagueness. Professional 
astronomers will be annoyed by this and by perhaps too many appeals to 
the reader’s intuition; philosophers will probably criticize the pragmatic 
tone; but large numbers of elementary students will no doubt have their 
interest captured by the simple and informal style. 

The order of the material is definitely peculiar, and the smoothness of 
the text pays tribute to the authors’ writing ability. The knowing reader 
may be surprised in jumping from the earth to the celestial sphere, back to 
instruments, on to the physics of the sun, and back to the confusing ques- 
tion of time. One peculiar insertion in chapter xv is a short description of 
constellations, lost between discussions of distance and proper motions. 
Owing to an omission, the reader puzzles over “magnitude” and ‘“‘spec- 
tral type” for several chapters before their definition in chapter xvi. 

However, teachers and students alike will be pleased with the sketches 
of early telescopes, with the interesting accounts of casting the 200-inch 
disk, of the Schmidt camera, of the thermoelectric and photoelectric cells, 
of eclipse expeditions, of the motions of eruptive prominences, of eclipse 
limits, of theories of the origin of the solar systems, of direct and opposite 
tides, of supergiant and white dwarf stars, of the velocity-distance rela- 
tion for spirals, and with the extensive glossary of terms before the Index. 
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Problems at the end of each chapter will help greatly to solidify the careful 
student’s understanding of the material. 

From their fairly exhaustive treatment the authors have unfortunately 
omitted a clear explanation of relativity which, as usual, is mentioned as 
the mysterious Einstein theory ‘requiring’ this or that. With some ex- 
position of just the philosophy of special relativity a much more complete 
section on cosmogony could have been incorporated. Other, less serious, 
omissions are: (1) the theory of nebular luminosity, (2) the ozone and 
ionized layers of the atmosphere, (3) polarized light, (4) star catalogues, 
and (5) the importance of dynamical parallaxes. 

In spite of the inevitable criticism levied at any elementary exposition 
of recent research, it may be said that this is the best single book available 
for teaching a large amount of astronomy to the uninitiated student. 


THORNTON PAGE 





ERRATUM 

The writer regrets that in his paper on “The Spectra of Bright Chromospheric 
Eruptions from Ad 3300 to 11500” (Ap. J., 89, 1939) he stated on page 348 that 
the records of the bright eruptions are sent to Zurich, which acts as a clearing 
house for these data. 

On the contrary, they are sent to Dr. L. d’Azumbuja at Meudon, who for 
years has performed the valuable service of organizing this mass of material 
into a form suitable for publication. 

R. S. RICHARDSON 
CARNEGIE INSTITUTION OF WASHINGTON 
Mount WILSON OBSERVATORY 
June 1939 








